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This is the initkal’ publication of, a new series of Technical Notes (910) entitled , 
"Self-Study Manual on Optical Radiation Measurements." It cogsains the’ first three thane 
ters of this Manual. Additional chapters will be published, ‘similarly, as they are com- 
pleted. The Manual is being written by the Optical Radiation Section of NBS; In addition 
to writing some of the chapters, ‘themselves, Fred E. Nicodemus is the Editor of the-Manual: 
and Henry J. Kostkowski, Chief of the Section, heads the overall project. 


ial impact of radiometric measurements (including 
ificantly. Such measurements are tequired. in’ 
ng machines, and solid-state lamps (LED's). 

ly :for the polymerfzation of industrial coat- « 


ith its effects.on the’eyes and skin of : 


In recent years, the economic:and s 
photometric measurements) has increased 5 
the manufacture of cameras, color TV's, ‘cop 
Ultraviolet radiation is being used’ extensit 
“ings, and'regulatory agencies are concerngd 


’ workers. On the other hand, phototherapy is/ usually the preferred method.for the treatment 


of jaundice in the riewborn. Considerable attention is being given to the widespread utili- 
zation of solar energy. These are just afew examples ‘of Present day applications of opti- 
cal radiation. Mosq of these applications. would benefit from simple measurements of one to. 
.a few per cent uncertainty and, in some cases, such accuracies are almost essential. . But 


this is rarely possible. Measurements by different instruments or ‘techniques commonly dis= 
agree by .10% ‘to 50%, and resolving these discrepancies is time-consuming and céstly. 


. There are two major reasons for the large discrepancies that occur. One is that opti- 
.cal radiation is one of the most difficult ppysical quantities to measure accurately. ; 
Radiant ‘power varies ‘with the radiation parameters, of position, directidy, wavelength, time, 
and polarization. The responsivity of most radipmeters also varies with these same radia~ 
tion parameters and with a humber of environmental and instrumental .parameters; as well: | 
Thus,‘the accurate measuremant of optical radiation is a difficult multi-dimensional prob- , 
‘lem. The second reason is that, in addition to this inherent difficulty, there'are few 
measurement experts available. Most of the. people wanting to make optical Tadiation 
Measurements have not been ttained to do so. Few schools have had programs in this area 
and tutorial and reference mdterial that can be used for self-study is only partially avail- 
able, is scattered throughout the ligerature, and js‘generally inadequate. Our purpose “n’ 
preparing this Self-Study Manjal is to make that information readily accessible in'qne place . 
and in systematic, unf@rstandable forms oof : ; : 

The idea of producing such a manual at NBS was developed by one of us (HJK) in the 
‘latter,part of 1973. Detailed planning got under way in the summer of 1974 when a full- 
.time editor (FEN) was. appointed. The two of us worked together for about one year devel+ 
oping an approach and: format while writing and rewriting several drafts of: the first few 
chapters. These are particula ly important because they will serve as a model for the rest 
of the Manual. During this.pekiod, a draft text fort'ghe first four chapters was distrib- 
uted, along with a questionnaite, for comment and créticism to some 200 individuals repre- 
senting virtually every technical area interested in the Madual. About 50 replies were 
teceived, varying widely in the\| reactions and Suggestions expressed. Detailed discussions 
were also held with key individ als, including most.of the Section staff, particularly. 
those: that will be writing some \of the later chapters. * In spite of the very wide range of A 
opinions encountered, all of thils feedback has provided valuable guidance for the final 
decisions about objectives, content, style, level of presentation, etc. ; . e, 


In particular, we have been \able to arrive at afclear solution to difficult questions 
about the level of presentation. \Both'of us started out with the firm conviction that, 
with enough time and effort, we sHould be able to present the subject sq that readers with 


‘the equivalent of just elementary bollege mathematics and science could easily follow it. 


That conviction was based on our e perience of success in explaining the subtleties of 
radiometric measurements to fechnicians at that level, What we failed to consider, how- 
ever, -was that, in making such explanations to individuals we always ywere/able to relate 
what we said to the particular background and immediate problem oft the individual. . That's 
just not possible in.a text intendéd\for broad use by workers {n astronomy, mechanicél - 
heat-transfer engineering, illumination engineering, photometry; meteorology, photo-biology: 
and photo~chemistry, optical pyrometry, remote. sensing, military “infrared applications, etc. 
probleme in a cook-book approach 
1ii - on aé oo . ¢ i &, 
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” sc igrice and mathematics, at the level of. a bachelor's degree in some ie of, sotence or 


. environmental and. instrumental parameters. Useful quantities are defined and discussed, 


would require an impossibly latge and unwfgldy text.- So we must fall back on general, 
principles which immediately and unavoidably require moré ‘knowledge and familiarity with 


engineering,’ or the: eiusretenr in other training and experience. : . 


bey a 9 cma. 


"In ‘its present “foxi, the “Manual: is a. definitive, tutorial, treatment of the subject. that 
is complete enough “for self instruction. This is what is meant by the phragé::' !self-study" 
in the title. Phe Manual doés not contaig. explicitly programmed learning steps as that - 
phraSe sometimes denotes. In addition,’ through detailed yet concise; chapter summaries, ‘. 
the Manual is designed to serve .also,a3 a cénvenient and authoritative reference source. . 
Those already familiar with a kopic, should turn immediately }o the summary “at the end of. 
the appropriate chapte?. They ‘can determine from .that’ su y what, 2f anect the nea 
of Ene ee i want to read‘for more details. ; ; : ai ae 
‘ \ ; f ; sis an 
The. baete: seen and focal pode: of the treatgent this Manual. is the sieasurement 
equation. We believe that every Measurement problem should be addressed with: an equation 
- relating the quantity desired to the data obtained through a detailed characterization of 
the instruments used and the ragdtation field observed, in terms of all of the relevant 
parameters. The latter always * include the: radiation parameters, ‘as well as environmental 
and instrumental parapeterg, .as previously pointed out. The objective of the Manual is to 
develop the basic concepts ‘and characterizations required so that,the reader will be’ able « 
to,use this measurement-equation approach. ° It is-our belief /that‘this is the only way that ~ 
uncertainties in the measurement. of optical radiation can  peherally be limited to one, or 
at most a few, per cent. " . - on ‘ 
: . 8 4 
Currently,’ the Mariual deta only with the clas8ical. radiometry of incoherent radiation.- 
The basic quantitativesrelations for the Propagat ton of energy by coherent radiation (etg., 
laser beams) are‘ just being worked out [1,2,3,4].)° Without that basic theory, a completely 
satisfactory general tréatment of’ the measurement of coherent (including partially coherent) 
optical radiation. is not possible. Accordingly, in spite of the urgent need for improved 
measutements of laser radiation, we won't attempt to deal with it now. Possibly this‘ sit- { 
‘yation will be changed before the current effort has been completed and a supplement on 
lager Meagurementse can be added.. - . ; . “~~ ea 
ke stated above, we first hoped ‘to prepare this ficiuad on & more elementary. level but 
‘found that it was impossible . to avoid making use of both differential and integral calculus 
of mote than oné variable. “However, to help thase that might be a bit "rusty" with such 
mathematics, we, go: Back ‘to first principles éach time a mathematical. concept or procedure: 5 
‘-beyond those of simple algebra*or trigonometry is.introduced. This should also throw addi- 
- tional light on the physical and geometrical relationships involved. Where it seems inap- « 
propriate to do this in thea text, we cover such mathematical considerations in appendices. 


' 
. . ' ’ at 


-_ i hes is also assumed that the reader has had an ineroduecory college’ course in physics, or ie 
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the equivalent. 2 : 7 $ 
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The Manual is being, organized. into three Parts, as follows: .- 
Part I. Goncepts : : . we Bi < a - . et. 


| _ Step by step build up of the freasurement equation | in terms of the Yaddation paranie~ . 
ters, the properties and characteristics of sources, optical Paths, and receivers, and the’ 


arid their .relevancé to various applications in many different fields (photometry, heat- | s 
transfer engineering, -astronomy,; photPrbiglogy, ete.) is indicated. However, discussions af... 
actual ,\devices and measurement situations: "in this Part are mainly for purposes, of’ pllnstra= 

ting concepts and basic a a 3. - + 
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Part Il.’ ° Tnechmehedeinn: ‘ 7 ie Boe ‘ ; : 
, . ‘ j ws « 
Descriptions, properties, and other pertinent data concerning ‘typical, instruments, 
devices,, and components involved in common measurement at tiat tens. Included is materia 
be ay 3 . \ ‘ mn x a 

IPigures | in brackets indicate sererature efereares listed at the end’ er acne Techical: Note. 
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dealing with sources, detectors, filters, atmospheric paths, cpopceea cata types of 
gptical modulators), prisns, gratings, polarizers, radiometers, #hotometers, spectro- | 
radiometers, spectrophotometers, etc. . i . ; . ; . 


A ae 


xe ea . ‘ : . : . , 
Part III. Applications | ae © gs ‘ 


"Measurement techniques for achieving a desired level of, or improving, ‘the accuracy 


_Of a medsurement. Included will be-eaevery wide variety of examples of environmental and 


instrumental parameters with discussion of their effects and. how to deal with them.” Thig 


‘ds where we deal with real measurements in thé real world: The examples. will also be 


drawn from the widest pogsible variety of areas of application in illumination‘ engineering, 
radiative heat transfer, military infrared devices, remote sensing, *meteorology, astronony, 


photo-chemistry, apd photo-biology, etc. . -, : fos 
Individual chapter headjngs have been assigned only to the first five chapters: - 7 
Chapéer 1. Introduction , “8 ; a - , “a _ <> 
Chapters, Distribution of Optical Radiation with regpect to Position® and 7 “ 
ae Direction -- Radiance . * sf oe . ‘ 
. © e 


Chapter 3. _ Spectral Distribution of Optical ‘Radiation 


° e 


Chapter 4. Optical .Radiation.Medsurements’ -- a Measurement Equat fon 
: ae , ‘. 


Chapter 5. More on.the Distribution of Optical Radiation with respect to 


» Donald A"McSparron, Jos®ph ‘Cc. Richmorid, and John 'B. Shumaker, artd particularly to | 


t 


: _ ?> Position and Direction « 


~° 


5s : : | ae .* : 
- Other subjects definitely planned for Part I are thermal radfation, photometry, distribu- 


tion with respect to time, polarization, diffraction, and detector’concepts. It is not our 
intentton, however, to try to completé all of Part I before going on to Parts II and III. 


‘In fact, becaube we realize that a great. many readers are prabably most interested in the 


material tn applications -to appear in Part III, we will try to complete and publish some 
chapters in Parts Ii and III just as soon as: adequate preparation has been made in the 
earlier chagtergs of Part I. However, because Our approach to radiometry differs so much 
‘from the traditional treatment, we feel that unnecessary confusion and misunderstanding 
can ‘be avoided if at least the first nine chapters of Part I are published first and 80 
are available to readers of later ¢hapters. oe ; ; 

fra! ‘ oe 3 a : ‘ 

Finally, we invite’ the reader to submit comments, criticisms, and suggestions for 

improving’ future chapters in this Manual.- In particular, we welcome illustrative examples ° 
and problems! from as widely different areas of. application as possible. — : 
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As reviously stated, we are indebted to a great many individuals for invaluable 
previo 3 


~ "feedback" that has helped ws to put this texs together more effectively, Notable dre ‘the. 
“inputs Lip fhe gon Cooréinac 


: the Council on Optical Radiation Measurements (CORM) , 
especially. the ORM Coordinators, Richard ak. Becherer, John Eby, Franc Grum, Alton R. 
Karoli, Edward 5. Steeb, and RoWért B. Watson, and ‘the Editor of Eleetros0ptical Systems 


Design, ert D. Compton. In ddition, for editorial assistance, we are grateful to . ° 


Albert T. Hattenburg. . * 
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effort that produced the excellent typing of this difficult text.” We also want to. thank "> 
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‘This ig, the inttial public&tign of! a new-series of Technical Notes 
919) entitled "délf- Study Manual’ én Gptical Radiation Measurements." 
- Tt contains the first threé. chaprers” of” this Manual.’ Additional chapters 
Ox will be published, similarly, ‘as. they are ‘completed. The Manual is a 
rat ‘defimitives tutorial treatment. ‘of the “measurement of incoherent optical 
be ‘radiation that ,is ‘complete ‘engugh" fér self instruction. Detailed chap- 
o im ter summaries make ae alsova. ee authoritative, reference source. 
; i 
The first. chapter 4s ah. dh vdadeicu that includes a description . a 
of opticdl radiation and the ‘ray approach to its treatment in this Man- ~*~ 
t -ual (based on geometrical optics), a discussion of relevant parameters 
‘and their use in a meagfrement ‘equation as a systematic.technique for 
+ ahalyzing Measurement ptoblems, and a presentation of the System of ;: . 
) aa ‘units and nomenclature’: 


6. C) 


oes The second chapter, on the distribution of. optical radiation with 

: respect position, and direction, introduces the basic. radiometric . 

, ae ; quantity, -radiance, and its important invariance «properties. It is i 
: ; a shown fhow tg determine the’ total power in a beam From the radiance , 
P é ” distribution and to determine the distribution of radiance at any a 

ee surface, through which.the beam passes, in terms of the distribution 

; ae at any, other surface that also intersects the entire beam. 

wat 7 ’ 

ta ‘oy. The third chapter, ou‘ehe spectral distribution of optical radia- 

w _ * tion, develops the © concept of ‘spectral radiance. ®Its invariance 
: ~ ¥ properties wand. the evaluation of flux in a beam-from a known distribu-' 
tion of spectrab radiance are developed tn a treatment parallelling. 
“that ‘for, eres in Chapter 25 : . ae if ; 


PY aera! 


ae yrs - 3 
‘ Bi, ‘ These. are thé first. chapiers’ of Part’ I, ‘in’ which are aeveleped- 
Seb tegs oe a, ‘the basic concepts, essential for the- -gubgequent: discussions of 
Se ee = Heer mentation in Part II, and of applications in Part III. 


aE ey. Gordes ‘Optical radiation measurement ; photometry; radiometry; 
eG spectroradionetry. . ; , ; 


ra 


“Part I. Concepts : : . Se ace 
Le : = . Ee , \- : 
ne a: Chapter: dy Introduction’ aa a Y - : \ 


a a "by Fred. E. Nicodemus. aa a Kostkowaki, rand ye 
ueorice ? . Albert 'T. Hattenburg 


. 9 e : = _ ; 
“tn this CHAPTER. We describe .optical radiation.and the ray approach to its treatment in. 


this Manual (based On.geometrical optics). We discuss’ relevant parameters and their use 
we an a measurement equation as. a systematic "ceehavaue for analyzing measurement BrGh ena We 


om also. present the: ayaten of units and nomenclature used” herein. 


“oprrcai, RADIATION, | Energy propagited in the form be electromagnetic waves or particles 
(photogs), which’ can’ “be reflected, imaged, or dispersed by optical elements, such as. sc 
mirrors, « lenses, or prisms, is. referyed to here agvoptical. radiation. In the! spectrum of 
electromagnetic waves, ,shown in figure 1.1, ‘optigal radiation lies between x-rays and 


am microwaves, i. e., in the interval fom about one nanometer to about one millineter. 1 


- _ : . , “oe v a Ba es 
wf ‘1 Commonly, ysed physical units. and symbols aye listed in Appendix 1. 
“, pee > a ‘fly "4 
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Spectrum of electromagnetic waves, . 
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The most familiar eres is visible light, which lies between about - 400 © ‘and 700 nano- 
meters, the approximate limits of the human-eye } response in full daylight. None of. these 
limits is very sharp; only approximate boundaries exist between the wavelength regions of 
‘figure ii. , 


‘ . 


Physical thevvies and models of physical phenomena are abstractions or idealizations ‘ 
that. approximate, More or less, what actually takes place in the "real" world. For exam— 

ple, Newton' 8 laws of motion are quite adequate for dealing with mos ordinary mechanical ‘ 
devices of everyday experience. * But in cases’ ‘involving atomic particles or astronomical 
bodies moving at very high velocities, ” the more sophisticated Eater tons of Einstein's eheory, 
of relativity are needed. Quite possibly that phere in turn, will” be found to be only . : 
approximately true and will need to be supplemented, for certain applications ..by still MOre «. 
Sophisticated treatments. Similarly, there are. three approaches or models for ‘ealigg. with, 
optical Phenomena, each with its region of useful validity. They are: geometrical optics: 
(ray optics), physical optics (wave optics), and i bgadia eda optics (particle optics). 


The simplest ‘approach to optics,.and the one used in this Manual almost axclusively:* is 
that of geometrical optics or ray-optics. It accounts’ very well for the way, in which opti- 
cal radiation is propagated from most common sources, such as incandescent lamps (light 
bulbs), fluorescent lamps, arcs, discharges, light-emitting - diodes (LED's), and laboratory 
blackbodies. However, geometrical or ray optics can't account for the patterns (diffrac-— 
tion or interference) which are produced at the edges of certain shadows, in focal regions 
where rays sharply converge, or by devices called interférometers. Then we require the 
treatment of what is usually called physical optics” or wave optics. ' Finally, when we deal 
with interactions with matter in microscopic deta. dt is necessary to recognize that 
energy exchanges take place in discrete amounts. Then we find it useful to consider opti- : 
cal radiation as being propagated in discrete "packets" or photons, whose distribution in 
large numbers produces average energy distributions in time and. space corresponding to the 
waves of physical optics. For our purposes, it is adequate to treat "classical" optical 
radiation measurements or radiometry in terms of geometrical optics, with occasional rec- 
ognition of wave-optics or quantum-optics phenomena as perturbations of the ray-gptics 
relations. Both. geometrical ‘and physical optics are based on the wave theory of light ,~ 
although they can also be reconciled with corpuscular theories. The distinction between . 
them involves mainly the phenomenon of coherence. 

El ectcooumnacté waves consist of feriodic Garter ious in interrelated electric and mag- 
netic fields, variations that are periodic in space along the direction of propagation and 
in time at any sifigle point along the path. Emission of electromagnetic radiation can be 

_conéidered as involving oscillations of individual charged particles in the atoms Or'mole- 
“cules of the material of the radiation source. If these are random oscillations, such as 
those produced by thermal’ excitation in* heated matter,. the resulting waves will be similar- 
_ly random in phase. Then they will combine and propagate 4s tncoherent radiation that a 

_ obeys the laws of geometrical optics, where waves passing through the same point in dif- 
Peres afrect ions’ seen to be completely independent of, each other and do not interfere.” 
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However, if the particles are somehow made to oscillate topethes, "in ‘step" with each 
other, ‘the resulting waves w e coherent. They will have consistent phase, relations 

so that they reinforce’ or ee eases other over many periods of oscillation, ‘producing che 
interference patterns’ that deviate from the laws of geometrical optics. The relations, 


based on geometrical dptics do not apply, in many instances, to strongly coherettt | radiation 


ae 


such as that produced by lasers. However, as previously stated, we can use -Beometrical © 


‘optics almost entirely in connection with measurements ‘ * Common sources, such as those 


aiared, treating the wave- and quantum-optics phenomena g occasional ear nanaes 


ay 
This: Manual will deal principally with incoherent optical radiation from about 200 nan-- 
ometers to about 20 micrometers. We will exclude, at least initially, all laser radiation 


(see Preface) and the vaquum-ultraviolet and far infrared spectral regions. For eave)" 


_we ‘ll refer to this fedu d region of incoherent radiation as just “optical radiation. 


‘ ° 


The MEASUREMENT EQUATION Every measurement of, optical radiation involves a beam of radi- 
ation originating at a source, propagating abeng an optical path: ‘and impinging upon a. - 


’ yradiometriceingstrument. ‘The source may emit radiation or’ it may be an irradiated object 


that reflects or scatters radiation incident upon ae from another source. . The. propagation 
pach may traverse a vacuum; or it may pass through a° number .of ‘gifferent média and involve 
a Variety of interactions with matter, such as reflection, refraction, scattering, absorp- 
tion, and even emission (by fluorescence). Finally, the radiometric instrument can take 
many forms, e.g., a bare photocell or a sophisticated spectroradiometer. Two measurement 
configurations illustrating different combinations of some of these possibilities are shown 
in figures 1.2 and 1.3. They are not intended for detailed comprehension at this point but 
only to emphasize the wide range of complexity that can be encountered. We can cope with 
such complexity only Cheguel an orderly, systematic apPEORENs and our approach is based on 


a measurement equation. : ; ‘ mo a a 


The measurement equation ‘is ‘the mathematical expression that quantitatively relates the 
output of a measur ing instrument to the radiometric quantity that is being measured, taking 
into account all of the pertinent factors, contributing to the measurement result. The main 


\ 
part of that mdasurenent. equation relates the radiafion input at the receiving aver ure of 


’ the instrument to thé resulting output in terms of the inetrument responsivity (output 


"gignal”-per unit incident radiation input).- The complete equation also accounts, as 


needed, for, ithe effects of interactions between matter and radiation at the source and 


along the optical path of the radiation beam_as well as at .the instrument. Setting all of 
this down systematically in a quantitative equation helps to insure that all pertinent 


factors will be appropriately considered and will not be inadvertently ‘overlooked. It ’ 


_ also ‘facilitates the evaluation or estimation of. the effects of indiv{dual parameters by 


the investigator in order to achieve ‘needed ‘simplifications. The complete equation is 

usually unmanageably complex until simplifying data or assumptions are introduced to make 
it tractable. Fortunately, the effects of a number of parameters or variables will often 
be negligible; the effects of others will be small and easily evaluated. The basic prob- 


lem is to identify and accurately asses the effects: of all significant factors, making 
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= Figure 1.2, A sophisticated: spectroradiometer. configuration for’ 
ea.) precision laboratory measurements of spectral radiance, 
= ve a 7 . es < # oh ts “ 
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. Lunar’ radiation measurement. configuration, ad, Hie, 2 " { 


“The moon *M is “{maged,, ona photocell detector Ry yo 7c 
-D. by astvonomiéal telescope T..,at surface of =. ° = + 


earth E. The moon shines by- reflection’ OF 
radiation from sun. S.. The propagation. ‘path ae _ s 
from M to D.: includes the earth's atmosphere — 7 
A and the optics of T. Proporfiors greatly: - ae 
dtatorted. to a out. stent tscane detaiis. 
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simptifications wherever possible | in order to obtain tractable wepreseiens: The‘ ‘meqsure- 


: ment equation provides a mechanism for approaching this systematically, thereby minimizing 


the chance that any significant factor Will be be inadvertently over locked: 


=. 
-The quantities used in che Measuremént Sicaticn are expressed in terms of the radiation 
aavamee ys and pgetinent instrumental and environmental’ parameters. The distribution of 
radiant power (radiant energy flow) or flux in a beam of incoherent optical. ‘radiation is 
completely described or specified in terms of five radiation parameters: position, ddrec- 
tion, wavelength, time, and polarization. The measuyenent of optical radiation is a multi- 
dimensional problem that eiways Anvolves these five variables and, poxaibty, others as 


well. The strength of radiation can be different’ at different points in-space, in differ- 


‘ent directions from any one point, Pt different wavelengths, and for different polariza- 


tions, and it can vary greatly with "tds In addition, the interactions between wadiation 


“and Matter = absorption, emission, scattering or reflection, and refraction -- May also 4 


depend upon. chase same five raddueion parameters. Instrumental “and” environmental param- 
eters “may also affect a measurement (e. g-,, temperature, humidity, magnetic fields). Al- 
though they can’ t be so conveniently and exhaustively listed, we ‘ll try to provide system- 
etic approaches for identifying and dealing with alil* those of significance in a wide ° 


variety of ‘situations, particularly ,when we reach Part III, Applications, (see Preface). 


\ 
UNITS nd: NOMENCLATURE. A mechanical bhgtnnee; concerned with disaiparing frictional 


. heat, wants to know how much energy flows away from’ an exposed hot surface as optical 


(heat) radiation. He is concerned with the rate of energy flow -- the power -- in the. 


radiation beam; usually, ‘expressed in: watts. “An atomic Physicist, cbncerned: with the light. 
emitted by individual’ particle interactions, wants: to know the: number of photons ‘£lowing 
in a beam, the number of quanta per second. An illumination engineer, trying to provide . 


adequate lighting on a.desk for comfortable and efficient reading and writing, Measures . 


light in terms of its efféct upon the average human eye, using lumens! for units. Thus, 


there are different ways of. stating the _amount of optical radiation determined by a meas- 


“ urement;. we can use different units “of ‘flux, the general term for the quantity of radia- 


tion per unit time flowing in a bean. 


This’ Maniial will be ndinty ‘concerned with “radiant péwer measured in watts. dbietis and 
related units are used when. ‘discussing photometry, and photon flux is. utilized when we are 
concefned with the quantum aspects of interactions between radiation and matter. It can- 


not be too’ strongly emphasized, however, that everything said here about the fundamentals 


‘of radiometry, even though stated in terms of watts, appiter equally to all forms of opti- 


eal Yadiation measurements. For example, , the measurement. of illumination for application 


to vision needs. involves all of. the fundamentals, not just those discussed in the chapter 


on photometry. And, conversely, there is much that is. pertinent to,. say, mela tary. appli-. 
cations of infrared radiation in that chapter on photometry. After all, photometry ts ee 


just the. measurement of optical radiation with detectors having a’ specified ‘spectral got 
“lThe lumen is.defined and discussed in a later chapter on "Photometry." : 
i, Pie 7 
Sena. “ae. a pan . = 
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“responsivity. that is" related to that io the~ human eye. Accordingly, ‘the seehiens of photom- 
etry ire, many of them, equally’ pertinent ‘to measurements with orhey spectrally-selective 
sensors, many of wwhich ‘are used extensively ‘in the infrared... Also, many military infrared 

devices, e.g., night—vision devices, have Visual oe where the photometric considera- 


tions, | as ‘sucht, are directly, applicable. aE # all optical vadiatiow in mete of differences 


7 & 
s 7 


in terminology and units. — a i ° a . 
mo . 


As a matter of ‘tact, ‘the great divecniey “of indeed tude that has grown 6a the use of. 
optical ‘radiation Measurements in sq many different fields of application isa perennial 
problem. Different terms are used for che Same Concept and, cenvereery the same term is 
often-used for different. concepts. We will employ, ag anu as possible, the nomenclature 
of the CIE International Lighting Vocabulary (5]! as the most comprehensive and least hone 
troversial authority available. Exceptions will be clearly noted when we do depart ‘from or 

_ add tp the CIE nomenclature -at ‘times when we “find it inadequate. We will also mention 
alternative terms and practices that aré widely ‘used in the literature where, at least: for 
. a long time to come, complete standardization in so many jifferent areas of application 
just isn’ t going to. take place. For example, it will be a long time, if: ever, before” 
astronomers stop using star magnitudes .? Accordingly, others who need to use published = . 


5 star Fadiation data must learn to convert. them to the equivalent values of poane brilliance 
_ or of ati vndnance ; or irreiliance.? “ ’ 


‘One’ of. ‘the most useful techniques for &oping eel th 


14@ 


unavoidable diversity of ‘nomen- .~ 
clature is the regular use of unit-dimensions. ang routine ante d imehaden consistency checks 
for ‘ail eadtouetene® quantities and-their mathematical r ationships (6). This Manual will 
follow the practice of associating. the proper units: and~heir dimensions with each physical - 
quantity that.enters into an important, equation. This will facilitate verification of ‘the 
consistency of the unit“-dimdnsions of the final rengle. All unit eynbota are-enclosed in . 
‘square brackets to emphasize their dimensionaifty ‘in this connection. ‘Standard s¥ units 


and symbols are used wherever péssible. Qnd exceptions are noted. 3 


‘ SUMMARY of CHAPTER 1. Optical radiation is defined as energy Propagated as electromag- 
“netic waves or photons. which can be manipulated ‘and studied by optical elements (e. g., 
"mirrors and’ prisms). ffhis Manual treats incoherent optical radiation in the wavelength . 
’ region between approximately 200 nanometers and 20 micrometers. The method of treatment 


employs geometrical. dpdics of or may optics, : 


; Incohefent optical radjation is completely Specified in terms of the five radiation 
Parameters: position, direction, ‘wavelength, time, and polarization., Its interaction with 
" matter, as it traverses. an aptical path and is directed and measured by an instrument, is~ 


also governed by these radiation parameters, as well as by environmental and instrumental 
. ° : ie] 
3 : t +) 


_ oft ‘Figures in prackete sndicate: literature references listed at the end of the Technical Note. 


2A star shan ibude is a iosar eww unit of inctaese Pity per unite area, 
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pargheters that cannot be exhaustively “Listed. 


The quantitative interrelationship ‘between 
the incident radiation and the measuged result in a meBaurement equation, in terms of all’ 

relevant parameters, is the basic approach ‘in this Manual. 
tion, usyally too cquplex for a complete general solution, facilitates the. evaluation of 


the eifeces of simplifying data and, ‘assumptions, ised to obtain more tractable expressions 
for particular erplicertone: 


; Y an. 
~ \: 


‘Radiometric relations are usually” eigen in this Manual in carne ut flux ig watts, with * 


shobeen tei: a photon-f1lux quantities . .also employed, ‘when appropfiate. Nomenclature: at 


follows the CIE system, with exceptions ‘and additions noted and with alternate térms also. 


Unit-dipension checks are recommended for dealing with 


nomenclature confusion and diversity; SJ units’ and symbols are used wherever possible and 


exceptions are noted. 7 x 
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The complete measurement . equa- _ 


It provides a systematic approach that’ helps to minimize the. & 
chance that any | nificant factor may be inadvertently: overlooked. , 
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Chapter 2. Distribution of Optical Radiation with cespeck to Position 
oe ; and Direction -- Radiance. 


' . a : : ‘ 
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fa - 4 . «+ by Fred E. Nicodemus and Henry. 3. “Kostkowski , 
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id this CHAPTER. We introduce the Waste podicueveic quantity. radiance.! » This quantity se 


allows’ us EOUERDISE SEY character distribution of radiant power from point to point. 
“and direction” to direction throughout ae of optical radiation.. This is ‘particularly 
important when both the power distribution,” “and the sensitivity (responsivity). of a radi- 
: ometer used to measure this power, are non-uniform or non-igotropic! We also show how the .. 
total power in the-beam can Pe obtained from the radiance distribution. Finally, we show 
, how to determine the distribution of radiance at any, surface, through which the beam passes, 


“in terms: of the distribution at- any other, ‘surface ‘that also intersects the entire beam. 


The 2 OPTICAL“RAY APPROACH. 


In ae 2.1 we see a 1 side view of a lamp with a ie cited oe 


“dyawn. from, a point on the lamp filament to a pot 


optical radiation, originating at a small: ‘area elf 
the: line dtawn, and impinging: on the-receiver area e ment. Thus a ray is a line or dir 


tion alond\ which optical radiation flows. In te of waves, it is the directton in which 
that particular part, of the light wave is eravdling.. oo By, 


$ 


be piéwdAg e figsten surface will not 

appear equaily: bright £9 the eye. The ends o the ribbon #Vanent, ase cool 2 chén the rest 
80 point 1 in figure 4 ‘will typically ‘be.b ighter thain-pgint,/2,. ae ae to a 
lesser degree, the brightness of any point, puch as point 2, will “ahoe chagée with direc, 
tion.” Tt. ‘will be different when viewed from directions a,b, and-c. Thus, the positional’ 27 4 


* From experience, we know that ditterent Pp a of t 


ee and directional distribution. of: optical radiation can bé as ciated: with rays. if we can 


find a Way of associating ‘a definite quant ley or concentratfon of radiant power or flux with. 


tity luminance ind are “approximately the same as meas of the familiar paychophyaical quan- 
tity brightness. Radiative pertains to flux (amount of radiation flowing) Measured in watts 
; or other power units, ana: luminance to flux ‘measured ‘in lumens, units that are related to 
standardized eye response (defined Ind discussed in the chapter on Photometry). Brightness © 
is related to luminance in that in fandescent sources of equal luminance dsually appear. 
: equally bright. However, a common’: “optical illusion" shows that the apparent brigh tia of 
an area can be strongly affected: by. a background or "surround" of a different brightness. 


Also, the familiar photographic ' "gray scales,’ with steps of apparently equal brightness 


radiance steps of approximately equal ratio, ‘Le e., 
“a logarithmic acale of luminance or adiance. _ Introduction of ‘color\makes things even more 
complicated. A completely satisfactory neers still eludes“the experts in aad And 


vision, research. 
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Figure 2.19" ‘Rays from lamp source to. detector-recéiver. 


pADLANGE (through two apértures). Consider: an experiment (figure 2. 2). with a large-area’ 7 
visible-wavelength source that appears uniformly bright from all directions, two black . oe 
screets each having a small aperture, ‘anda photocell next to the second _screen. . The at . 
tocell responds to all the radiant power reaching it from the source through both apertar 
The beam from source to ‘photocell ‘consists of all rays-in the shaded region betweeh the 
extreme .ays through both apertures, as shown in .the figure. It {s assumed that the medium 
._ (afr) is perfectly transparent, with’a negligible loss of radiant power from the beam by , 
Scattering or absorption. If the power A in the beam is Measured for different aperture 


areas ° 4A, and AA, (perpendicular to the plane of figure 2.2), and for different dis- : 


“4 


tances . D between the apertures, it is found, over a ‘wide ange of values, to be propor- 


tional to the quantity 7. ; Py 


ae 2 AA} *dAn |” ‘ 
‘ ’ eof . ~ (2.1) 
“p2 é . ; => * 
. * \ 
- The. measured power or flux A¢ also changes when the brightness ‘of the -source changes. . We 


. 


denote - the radiomi tr quantity that Bl a ‘to that brightness by the letter L. Then 
we can: write : : ; 


’s me Mata oo 
‘ . core “ig ee =F a) 
’ e x . 


Also,, if the apertures aren't kept perpendicular to the central ray through both of them, 
we find: that the measured flux also varies with the cosines of the angles of tilt, shown in 
figure 2.3. This makes our final expression 


2 


tw). (2.3) » 


* 


. 4A) *c080 “4A *cosy 
“6 = Le 
: : p2 


Next we note that, ‘holding the Spereunes fixed, the measured flux doesn't change when the 
source is moved farther away ee or closer EO lie apertures or tilted, just as long as 
all rays in the beam through both apertures come from.the aaacaer gd bright enitesng surface. 
Only if we change the source po that it is no! >” longer uniform and * isotropic does - ‘the meas- 
ured flux vary with the position and orientation of the. sourcé. We can again make the + 
measured flux less sensitive to source position and orientation, at least to small shifts, 
by making the apertures AA, and aA, anol compared to their: Separation distance D and 
, 


smal compared to the distances on ‘the source surface between points of significantly dif-® 
é 


ferent brightness. 


The experiments show phat. the quantity L is not only related to fhe source brightness 
but sino to the small ace of rays leaving the source in a region of uniform brightness. . 
In fact,. it appears to jhave the same. value anywhere along~such a bundle of rays. Its value 


can be obtained for our sample situation by solving eq. (2.3) for L, - thus: 


SO: ¢ 
1iw] denotes unit-dimensions of watts (see Appendix 1). 
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Figure 2.3 . Tilted apertures 


ty 


© 


@ 
ERIC 


- SA, and pee are made ‘smaller ‘and smaller. This is written 


yt 


Ad-D2 


Los ers 
AA) °cos6)* AA *cos8, 


3 (2.4) 


Actually, careful measurements, and: Measurements with sources of more uneven brightness, 


show that these equations yield.only average values of L. ‘On the other hand, if we try to 


4 e 
evaluate’ L for.a smaller beam, representing just a portion of the larger beam, by making 


the apertures smaller and the distance’ D larger, we reach a point where there is no long- 
er enough power in the beam reaching the photocell to make a measurement at all. Even 
before that happens, we may encounter diffraction effects where our "geometrical-optics model’ 


of propagation along rays no longér adequately describes the situation. Nevertheless, if we - 


' are’ careful to observe the’ limitations of geometrical optics, not applying our equations, 


without corrections, oo situations involving significage diffraction ov interference effects, 
we can obtain relations having a very wide, useful ‘Tange of | apPideacton by the mathematical- 
analysis methods of | calculus. “To do this, ‘He acoune an underlying continuous distribution 
of flux among the rays of the radiation beam, even when the apertures are made arbitrarily 


small [7}. ae J 


* We define the quantity L, then, as the limit of the quotient of flux Ad, passing 
through both AA; and MAy, by the geometrical quantity (AA,° a ee cos) /D? as 


ns 


Lim . 


=e - be dayeo i. Ae (2.5) 
ms ‘ ere Big -Aky p088 the scost2) /D° 
j 7 ae many. 
_ But this is just the | defining equation ae secopa derivative, so that 
. : Yr, FN . BR: : 7 
a - a) nye . = ry 
; is Le " Sees . (2.6) 
: ; cos8; *cos82 . . 
dA; :dAg: D2 : 


° 
4 


In the limit, as. the apertires become vanishingly smaIl, there remains only a single ray 
through both of them, so radiance, so defined, 1s associated ‘with an elementary: beam col- 
lapsed to ‘Just a single ray. “This doesn't mean however, that it's ever possible to actu- 
ally measure the radiance of just a single ray. Real measurements always. involve apertures 
and beams -of finite dimensions, as in. eq. (2. 4), which then yield only average values of. 


‘radiance. Such ‘an average value equals the actual radiance only when the beam is completely 


un dform ead abpErOpIS with all rays having exactly° the same value of ‘radiance. 


There is now no limit t to how large the apertures may be. By using integral calculus, 
we can relate the ray-radiance distribution to the total flux,or power flowing in, a. beam of 
y size. We begin by imagining: that each large aperture is divided into marty small-areas, 
e h small enough so ¢hat,, through any pair of these small areas (one in each ‘apérture) , i 


all rays have the sanre radiance. The Flee, Yeo each such ema! of spall areas can be 


a ye. sae ae 7 
oe oar <= a 


re 


ealewlaced by eq. (2.3) and the results added up, for all such pairs to account for the full 
area of each aperture, to obtain tke total flux in the entire beam. A simple example of 
dust three small areas in one aperture and four in the other is illustrated in figure 2.4. 
Then if, for example, the flux in the portion of the beam between area 2 of the first aper- 
ture and area 3 of the second aperture is designated as.» Ado3, we can write the expression 


for the total flux in. the beam Ebrouen both apertures as 
I : o = thi 9 Ohie + Ons + bein + 


Ao, + hoo + itis + ‘oo, + 


A031 + A032 + A033 + AO3y. | . (22) 


The flux in the beam cabeueie: each pair, in turn, is evaluated by eq. (2.3).° This is illus- 


oan trated for the pair AA) in. the first aperture and AA, in the second aperture, in fig- 


‘ 


ure 2.5 and the following eapréation: 


5 AA) *c0s8)4°AA,*cos0,) . z y 
~ Ay = Lye 3 - * é. (2.8) 
‘ a : ae . . “8 


More’ Benereity, if each aperture is divided intg-an arbitrarily large number, of small areas, 


. "the first into i areas and the second into, 4 areas, the total flux in the: beam can then 


; . be written’ as ; ° : rr) 
. . AA, *cos6, ,*AA,*cosé 
. 7 Pee as piearena. | ee 
ee ad @ = are >>. Lay =, a ee (2.9) : 
ie a a car td ij \  ®& 


. ‘ os ‘ 
Again using calculus, we let the areas “AA, and . ta, \becone arbitrarily small. so the num- ~ 


bers i and j become, at the same time, arbitrarily large. This is written as 


Lim . ; . 
= > : ; 1 
; ) AA,+ 0 jas (W),” : (2.10) ; 
AA,> 0 
j 
: iro 
» Pi 


where Pi Ae, can be teaial as in eq. (2.9). This is simply ‘the defining equation for 


the double integral over the two apertures: 


« 
e 


ae  , €0881"q0882 - ee f 
: I 1. Ls > * dA,*dA> [W). eee 2) 58 | 
\ ne: 
. ‘ m, . 
. t : 
¢ In practice, if we know both the radiance L and the slant distance D ‘along the ray 


between the area elements dA, and dA» as functions of the position’ coordinates of those 
elements, over the full areas Qf both apertures, the integral for the flux. -¢ can be eval- 

uated, at least on a computer. Usually, | however, we try to make MeaeiceRenke under condi- , 
tions here the radiance L- is the same, or _approximately ‘50, for every ‘ray through both ry 
apertures. Then, as a constant, it can come outside the integrals, 1éaving ee 
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Figure 2.4. Notation for subdivided apertures. 
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n of flux A¢,4. 
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Evaluation of these double integrals can bécome ‘quite ‘cotiplicated. However, integrals of 


‘this s type have been evpluated and. mmabulat et ‘for many different ‘geometrical configurations, 
with differant sizes, Bhapes, orientat#é 


and separations of A, ‘and Ao, as we'll see 


inying Appéndix 3. 


URAY RADIANCE (at. a point in: a direction). The det ining equation, for radiance, eq. (2.5), 
can be written in-a different way- by vacopaizing ‘that (ag +082) /D? = Mw, is the: solid 
angle! ‘in stéradians. [sr] subtended at me by AA>, a8 shown ‘in figure. 8 Accord-. 


in more gerate in Chap er: A and the ‘ace’ 2 


“dngly, radiance can also be defined as: - 2 
: , Lim ee ee wee 
ae “lL =. bA+0 Ao ss at 


dw + 0 AA*cosé+ hu — 


eo ae A ato 


Oe ag Sage em72> -1)>. . i 
“as cos8-du [Wem cu a — @.23) 


In this form, it is éa4sier to ‘recognize that. the units of: radiance aré.watts per square. 
meter and steradian, as shown. This form | is also more general, Since it defines a at a 
. 3 point*in the direction of a zy through that point, rather than ‘between two points’. | With 
“this approach: we need not ‘assume a perfectly transparent medium’ with no attenuation between 
‘tthe two points. However, we have presented both approacties ‘beGause this: concept, involving _ 
isimicaneous variation and. distribution of flux in both position and direction, is a diffi- .— 
cult one. Many find the first approach éasier to understand while others prefer the second 


4 approach which, in any event, has definite pevaneneed for many appiscatsonss 


. Radiance is a ray-associated ‘fleld. quantity! What’ this. means is that’ its value’ depends 
on the point in space where it is: evaluated and : ‘on. the: ray direction through. that point.” 


It. is the concentration of propagated optical f. 


x or power, with respect to. both positidh 
. and direction,, as _ a, . function of both pogition ana ‘direction. We'll define it more .explic-, 
itly in mathematical terms and. -uge the definition to relate the radiance along an_ emitted ; 


_Yay at the. surface of a source to. its value at subsequent points ‘along that rays Particular a 


ly at the. point of incidence on: the: ‘surface of receiver. At the: samme’ time, we. ‘develop ia 
Se 


the concept of the element of. propagated flux: bsaociated with each * as ‘the* ‘product ‘of: a 
(1) the radiance and (2) the associated element! 6f ‘throughput, which. is, also defined. The 


* receiving aperture. id a radiometer or ‘radiometric dewice ‘can then be combined with the flux’: 
responsivity of the instrument, which’ may also be a function of. position, and direction of: 
wo the incident" flux element, to obtain the’ instrument output in terms of the incident radia-— 


* tion input and the spatial parameters. However, we won! t take that step. until. a hapte’ hy 
The precise, explicit definition PY radiance: (3) is: given. first: in words and then 


a . lSee Appendix-2 for definition anes the concept of solid angle... ce a 
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distribution of these. quantities, as: functions of position and direction, incident ‘on the nd 
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Figure 2.6. . ‘The solid’ angle Aw) 2. ase ; 
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mathematically. (refer to figure 2. 7). The radiance at a point on a surface’ in ‘the direc- 


: tom of. a ray through that point ‘is. defined as the radiant flux or power per unde projected- 


aréa~perpendicular-to-the-ray-at~the-point : ‘and unit ‘solid-angle-in-the-direction-of- ~the- 


ray-at-the-point. se pars . tet “Ss 
; -e. d2o ) = | | 
_ ‘ L(x,y,0,6) -= puny 8) Wear hese Ds (2.14) 


where. . coe ae ee 


soa 


LOGY, %) [Wem | / 18’ the radiance at the point x,y in the direction 8,03 


on x and: vy (n) are’ the pasition coordinates, on. _the surface}, ‘of the point of 
intersection with the ray (usually, but not necessarily, it is ‘convenient 
to havea plane reference aa in which case -x and y are cartesian 
ae 2, 


coordinates); a 5 : 
‘ . . 


8 and” 2 {rad] are spherical caprdinates;! @ is the polar angle between the: 
way and the normal (perpendicular) to the ‘surface at the point: ey. and: 
b: _is’ the azimuth angle about the point sy in the, plane tangent to the 
‘surface at the point x5Y5 rs e ne 


g 4 


@4(x, 908, >) [W]) is the element oe radiant flux through the surface element 
dA = ‘dxedy. [m?]. about the’ point x,y. and within the element of solid 
angle! dw = siné-de-d¢ [sr] in the ‘direction 8,6; -and rr ee 


o 
- 


. dA» Gps6 [m2] is the element of projected area perpendicular to’ thé ray direc- 
tion 6,9. —_ . i. - ; a ee 8 = 
As we’ saw in eq. (2. 13), eaiitnee as defined here a the limit, coy “AA and Aw. both 
approach zero, of the quotient in: the first line of that equation, where Ao is the 
_ tadime flux or power flowing through the areas AA within. the ‘solid angle: Aw. In order 
.w  ° for this quotient to converge (approach a definite limiting value) at the point x,y in 
, the direction 8,6, the flux. Ao must also become vanishingly small as AA and dw 
i both approach zero. Thus, as we've already pointéd‘put,- we can never. exactly Measure this 
quotient at a point and in a given direction; all we can ever measure in reality is its . 
: average value over small intervals of area and solid angle through which enough flux can 
Pass. to ‘produce a measurable. output "signal" in a radiometer.’ ' (OF course, if the radiance 
‘has the: same value throughout a beam, the. average value wait equal: the value along any 
single ray, ‘80 this is the way. we ty to make the most accurate measurements. ) It is very." 
important, to understand: this Limitation clearly; but i al aie doeén't. destroy. the use- 
‘fulness of the concept of radiance. ee. Be awe ae 


Kebunily, there are “many ecak ‘point, fiinct ions" that can! t. be -exactly seared: Some. 


are so familiar as pare of our everyday experience that we never stop. to think about. eae 


° 
4 


Sgohaeieul coordinaggs, ‘solid ‘shy ieee: etc.,: are. discussed in sore 2 for those who’ may - 


with to ‘refresh their memories on. these topics. 1 a oe yee : a oe 
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Figure 2.7. Geometry of ray-surface intersection 
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. ; _, (for, the definition of fadiance). ; 
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limitation. A good example would be che concept “of density, Lees: ‘pf mass per unit volume. 
‘It's obviously impossible to measure density exactly at a point ina region of changing’ 
density, as in. a flowing gas’ or liquid where the density varies rapidly from point to point. 
Nevertheless, ‘most of us have no difficulty with the idea that thére is a definite value 
associated with each point one: a path through ‘such a region. of (continuously) changing 


‘density. But any’ measurement we make can give us only the average value. over a finite vr 


, ames not. the exact value at a point. _ In the same way, a- ‘radiometer. gives: an average” 


response to inputs’ spread ‘over intervals of ‘area and. solid angle or intervais' of position | 


and direction. But it' s still very” useful to think. ‘in terms of the radiance at a single 


point and. in a single direction through that point as the basis’ for analysis. Furthermore, ree 


as already suggested ,’ we are. usually able to detect or indirectly control - the oniformity . 

of such a quantity with much greater precision -than vey can measure. ‘its absolute value. 
peePnHeneny by arranging to have the beam for a measurement as uniform arid isotropic:.: 

* (constant radiance) as possible, we can. make the measured average correspond very closely ° 


“to re actual value of that. constant Tadiance. for ant points and directions within the beam. 
) 


The ELEMENT of ne and ‘the GEOMETRICAL TyVAKTANCE of RADIANCE Now let's see how: ‘we can 


use our definition of radiance to express the element ‘of radiant £1Ux associated with a sin- 


t 


glé ray. In figure 2.8 we show first (a) a single ray. between two points Pie and "Po “and 


second (b) the elementary beam, made up of all the rays between two-area elements day and 
dA, about the points Pi) and Pos respectively. - As we' ve seen, an element of area dA 


“dis just a small area 4A that can be made arbitrarily small. in the process of pproaching 


a limit, the limiting value, ‘of quotient for a derivative or the limiting. vafue of .a°summa-~ 
* 7 


.- + tion for an integral. It may be helpful, at: first, to think of dAj° as being part of the 


sbdecing surface of a source, such asa tungsten: ribbon filament, and, similarly, of dha 


as being part of the surface. of a mecelisr on which the ray P;P, is incident. However, 


they can just as well be apertures in réal or imaginary screens through which the elementary 


beam passes. Kverything we say now, in’ the following discussion, is equally applicable to. 


, any. pair of two (imaginary) surface elements intersecting any two points Py and: . Po ‘along 


. the path of a single ray. These. points may ‘be arbitrarily chosen =ayNnEEE along the Yay. 
%: 4 


In fteure 2.8(b), we have also draw the*normals PiNi ‘and PoNo, perpendicular to 


the surface elements dA; and. dhye respectively. ‘the ray and normal that intersect at, 


; Pr. form an angle 13; .8) is the angle between the ray and jormal “@ntersect ing” at P5. In 


many cases; when the surfaces of interest are parallel fo each other," é, = 82. However , we 


don"t want formulas that are too restricted in their ‘application; si Oya? ve “chosen” the more 


general- case where chose angles. of tilt may (or may not ei aequall 


On the ‘other hand, we 
do want to restrict ourselves, at first, to a medium in singel che. indgx bfgrgtragcion 3 is 
“everywhere tnt same, that is, where radiation flows at the same velocity. everywhere and in 
all directions (uniform and sak he age so that al], rays are Straight’lines. Later, we'll - 


see hoi: ‘to deal: with the still more general. ‘case where ‘the Refractive. index. is. found to eer 


sh 


The elementary beam of radiation bétuce dj aa: des "tie beain defined by those 


of twa ‘surface’ ‘elements, consists of all of the rays along which radiation flows" Qt ds * 


, — Bn a oy = on ; ‘ fe ca a ae 


.: 


ge Bn ME GE aie Lo. 


‘ ° ! 7 7 , a : = i 4 
hn ie FPL de 2.8 (a) A single ray 


cae er 


ee 


_ ‘P\N; is normal to dA) 
a} ‘ 


- P2N2.: is normal -to .dAp ‘.. 


Figure 2.8. (b) An elementary beam of radiation: — - 


(a) 


= 
j propagated between the two surface elements. In other words, G11 ‘of the- rays joining 
points on dA; to points on _ dAy,°* taken as a whole, constitute the beam. If we were to 
try to draw them: all, we'd just have a solid black band that wouldn't show\the detail in | 
which we're. interested. Instead, we've just suggested what! 8 involved sees in these 
rays for only threé points on each surface element, one at Pj “or Po, respectively, near 
the center, and the other two at the edge on opposite sides in each case. Even this ends _ 
up as a fairly “busy” figure, with nine rays altogéther,’ three. from each point On one sur- 


facé element toeach of. ‘the three points on the other ee dieaant: . ; 
Ul » 


Rays that all dutecsaee ata common “point: are said to form a pencil me rays. If we 
consider the radiation in figure 2. 8(b) to ‘be flowing from dA; to dA2, the diverging 
rays from any one ;point, on dA, . te all points on dAg * form an exitent! pencil, while 

ee those converging at any one point on dA») from all points on: “dAy form an‘ incident pencil. 
The extreme rays between. a point on either area element ‘and the erftire edge of the other - 

: area element £Gn a ‘cone bounding the solid angle subtended at the point by that area ele- 

: : anes? The elegent of solid angle subtended by dA at P) is given by ers a ¢ 
ae aa. = cos8, ‘da, /p? [sr], where’ D [m] is the distance Hetween P,; and Pp».. Sintec: 

° the element of solid angle subtended at Pp bY dA)~ is given by dw) = cos®; "dA /D? {sr). 
When the area elements. are small enough, ‘the solid angle subtended by either one ‘of them & 

‘a point on the i is the ‘same for all such points. ' 


‘ 


with these geometrical relations established, we can turn our attention to the flow of 
radiant energy in the beam of figure 2. 8(b). When the area elements are small enough, there 
will be no significant differences in. radiance between the rays tRrough . d ferent points. 


across a surface element or in' different directions within, the pencil ‘of Fays to the Other | 
surface element. Enroush any single point of the first element. Accordingly, we assume that 

= all of the rays leaving dA, toward dA are of radiance L, and that,’ those) same rays 
all arrive at dA,’ with radiance Lj. ‘Of course, we've already seen, that experiments ° show ;, 4 
that L, = La. But we ignore that, for the moment, so that we can also show, by analysis, : 
that L;} = Ly follows just from: ‘our definition of radiance. We next write expressions for~ 


the element of radiant flux or bower in the elementary beam igonen: ‘each area ‘element. 


If all rays leaving dA; are of radiance L)} watts per square — projected © 
area and steradian of solid angle, and they emerge through a projected area: (sevpenticalar 
to the ray P)P5) of cos6, dA) poe Meters and within a do1id angle of .dw)2. steradi- 


ans, the flux or power an ‘the exitent elementary beam is the product of these quantities, 
te. fo 


oo ’ , 
: ; ee * 5 om , ny ake otk . 
5d) = Ly *cos8)+dA)*dwy2 are 7 
& yo = L *cos*dA) *cos8)*dA,/D2 ‘[W], ; (2.15) 


‘ : vo : 
: “oe ; " ; - « ’ 
"Exitent" was ee as an antohyn of "incident" by Richmond 9]. 
2spherical coordinates, solid angles, .etc., are Wiscussed in Appendix 2 for those who may 
_ wish to refresh their memories on, these ‘ropics. Ss ; _ oh . @& 
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which looks very much like eq. (2.3) or eq. (2.8). Similarly, the element. of flux or power 
reaching dA2 in this same elementary beam is ; 


- , dé = Lz *c0s882 *dA» * dun) : . ti : tgs 
= Lg*c0s@)*dAy*cos8;+dA;/D2 [W]. (2.16) 
: ear? -_ 


If there is no loss of radiant power or flux in the intervening medium, so that abl of the 


_ 


flux leaving dA, in the elementary: beam toward dA2 arrives at dA), we can set’ 
.dd; = dé2. Then ’ : ‘; 


L1*c0s0;*dA)*cos89*dA,/D2_ = L2*c0802 *dAy+cos8 ) *dA;/D2 a: 


which reduces to a ve : ae \ 


al 7 a eas ae ta. (2.17) 
ye ak an Since no restriction’ was plaged on the choice” of the points P, and Pp along the 
¥, eq. (2.17). must apply to any pair of eoinee. i.e. to all pairs of points, along that ‘ 


ray. ‘This means that the radiance in the direction of a ray is- ene same at every point: F 
“along that ray in the absence oft any” energy ‘losses or new sources of energy. Radiance is. 
geometrically invariant along a ray in a passive, ‘ lossless, unt form, isotropic medium. ne 
Accordingly, * “if we “know the Nalue of sbxivant radiance at the surface of a source for a ‘ 
‘particular. ray, this also meas. that” we know its value at any subsequent point of that : 

z _ ray, including the point where it’ is finally | incident on a receiver, providing there’ ‘are vr 

no° losses of energy (or. new ‘sources of energy) along the intervening path. ‘Moreover, if. 

such losses exist, they can ‘be accounted for by an appropriate Factor, the propagance of 


, the path, which we'll define and diseuss in detail later.} Page , 
: + et . 


APPLICATIONS of RADIANCE INVARIANCE. “Mehough we won't get into a thorough discussion 

. of applications until Part ‘III, we want to look at some of the usefG1 applications of the 
invariance property of radiance now because it will help to clarify the. significance of 3 
this important quantity. Firét, however, we need to examine what happens when a ray trav- 
erses different media with different refractive indices. . Even ; though the atmosphere. is 
often reasonably uniform and isotropic, “especially for measurements in thé: ,laboratory, rays . 
frequenehy pass also through lenses, prisms, or other optical eletients with quite different 


refractive indices. We need to know how this affects the: valis of radiance: along @ ray. 
: 4 bg . wary ‘ : 
Most’ of the optical elements with ‘whieh we are ‘concerned have relatively smooth sur- 


._faceB& 80 we ‘11 analyze the situation for: regular (efeculer), trasiomiasion, with refraction, : 


iB smooth ane surface between: two media of different refrackive’ indices, ab, wa 
epicted in figure 29." We def ine a "smooth" ‘surface as. any sur fat! vhere it is possible 


construct a tangent plane, i.e.” where évery. wirieee el gent dA’ caf be streated as 


ommion to the purrace and: to a plane oe the curfdge! at that ‘point. ‘This figure .. 


% 


Bee eq. (2.37) (on pe 38.) | 39 
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tT 
. shows a vertical plane (plane of the paper). containing the normal (perpeddicular) to’a sur- 
.face element ae of ‘the smooth surface and an incident ray, inclined at an angle 6), to . 
the normal, within dn element of solid angle . dw), in the medium of refractive index nj, 
above the surface. The incident cadianie is L, [W-m™@-sr71], and the element of radiant , 


flux or power in the elementary beng aiden on dA through dw, is dé, [W]. - 


Below the surface, in the second medium of refractive. index \no, the refracted ray 

* if , 
is inclined at an angle 6) and the refracted elementary beam fills an element of solid 
“angle dwo. This solid-angle element duo differs slightly from dw) ‘because the rays 
‘bounding. dw, are refracted by Slightly different amounts. The radiance here is i. and 
the element. of refracted radiant flux or power is dé. As.before, we can write the ele- 


ments of flux in terms of the radiance and the geometrical quantities as 


u 


do)" = L) *cos6) *dA:dw, 


= Lo*cos6y'dA-d_» 


L)*dA-cos®;*sin6;+dé,*d¢ [W], and 


% 


(2.18) 
Ly°dA*cos8o*sin65*d65-do [W]:. oe 
Also, as before, we are’ ineerdsted only in the attests connected with ray and beam geometry 
so, again, we assume there are no losses in either medium. However, we know that, even 
wighidd+ealied anti-reflection coatings, there will always he some of the incident flux 
rifaectad| at a smooth surface so that only part ‘of it will be transmitted and refracted. 
lf pas a al incident element of flux is d)' ‘with a fadiance L}' and the reflected y 
‘portion is p*da,' with radiance p*L,', then the remainder-that is transmitted and 
refracted without logs is dd) = (1-p)-do," with ‘hy, = ‘(1-p)*L,". Accordingly, setting 


doy = do, since it is transmitted and refracted without loss, we have, a (2.18), 


. - : Fi 0 '€ 
* © dé) L, *dA+cos6@)+sin@, *d@, dd 7 " 
° do> L2*dA+cos62-8in02-d62-dp _ 
- L} *sin®) *cos6; "40, + # : 


‘ % 


ae " “@h-sind,-cos0,-d0, ° poe (2012) 


a relation involving only radiance and bean geometry and’ ignoring the portion of the indci- 
vos 7 " dent’ ‘flux that. is reflectéd. Peer ; : . : . 
" ‘ee “ ‘the ‘angle of incidence a, for every incident ray ‘is related to the angle of refrac- 
tion 65 for{the corresponding refracted Say by Snell's law of ‘refraction, which can be ; 
stated pathenat ically as _& _ ‘ 7 _ . 14 = 7 
njsind; = ng-siné,. ~ (2.20) 


By dif rete ccwiewich respect to angle, we also have 


nx 


n,*cos6)*d6, = "n2°c0s62°d0o. (2.21). 


meer. eqs: (2.20) and (2.21}, we can write 


ab. 


Og y . sin6) cos6) °d6) no” 
-_ ee eee ne o = *§ (2.22) 
‘ a sin6s cos8y*d8o n) a oi e 
. 9 4 e 
4 : 7 ‘ = . . ' 
, , ; tee ce a oe : oo" 28 
~ , . a ¢ - 
‘ , : . 8 z 4 1 ; a ‘ A - ! r 


. Finally;“tombining eqs. (2.19) and (2.22), we have 


L) “no? _ * L) Lg 
= i ie i or 
Lgemye ; n) n2 


4 7 oa 


(2.23) 


Accordingly, in going from one medium to another, the invariant quantity is not radiance L. 
Instead, it is the basic radiance -L/n2 (where n is the ‘index of refraction of the . 
médium) that has the same value in the direction of a ray at all points along. that. ray. 

In fact, more sophisticated proofe {10} show that the invariance of basic radiance is a 
completely general geometric property, even along a ray traversing a non-uniform, non- 
isotropic medium in which she index of refraction varies continuously from point to point.. 
It must be reemphasized that ‘his, is.a purely geometric property and. that the attual radi- 
ance or basic radiandé is uoually further modified by interactions with matter, being 
attenuated (reduced) by absorption, reflection, or scattering out ‘of the beam, and also | ; 
possibly augmented (increased) by emission or scattering into the beam. The simplest ‘Cate 
j of attenuation will be treated briefly at the end of this chapter. Ndke details on such . 


interactions will come later. ‘ ’ 


For the moment, the important point is that, from eq. (2.23), we can see that radiance . 
L is geometrically invariant along.all parts of the same ray that lie in the — medium 
(same refractive index), regardless of intervening passage through an optical aleneat (with 
smooth surfaces) of a different material (different index). The radiance within the 
material of the optical element changes, keeping’ the basic gadiance constant, but it 
returns to the original value upon reemerging into the same . medium (usually air) again. 
The only ef fea, then, is possible attenuation by the optical element, which will ‘be dis- 
cussed briefly at the end of this chapter and later ‘in more detail. c 


Shae 
so . 


e , This is such an important point that it may be helpful - to restate it explicitly in 


mathematical terms. Given a ray of radiance L, in a medium of index n) that passes 
through an optical element.with smooth surfaces of a material with index ny and out into 
a third medium of index. n3, the radiance Lz internal to thé optical element and the 

p final radiance Ly in the third medium satisfy the following (based on eq. (2.23)): 


. L}/n,2_ = Lo/ng? ® L3/n3”[W-m~?-sr-1). (2.23a) 


Furthermore, if the ray emerges, without attenuation losses, again into the same medium, 

e.g., into air, so that n3 = my, this means that L3 = Ly and we can ignore the fact 

that the ray traversed 4 different medium: As will be shown later, if there are attenua- 
.  tiom losses, this will reduce the final value of propagated radiance by the fractional 


amount of loss. , ; : ‘ 

ar | : : a 
ar _ An* EXAMPLE of’ RADIANCE “INVARIANCE. ‘Man§ photographic exposure meters for measuring 
reflected light from a scene or object ‘(not the incident light on the object or scene) 
consist: of 'a ‘photoaell mounted behind ,a baffle, grid, and/or lenses that define the 


receiving aperture area and solid angle through which! rays from the scene or object can ; 


e a . 


: : . . ‘ 42 7 f Rati | E ral 
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’ reach the phoedeeli, just as ‘the apertures in the two screens of figure 2.2 deting the beam 
‘from the source to that photocell. The solid angle of” acceptance or field angle af! ‘uel an 
exposure meter is typically about 30° to each side or a cone with a total vertex, -anglé of 
about 60°, roughly the cone subtended by a circular object at a distance equal to‘its 
diameter. You can use such a meter to verify the part of the earljer experiment. that eaghb- 
lishes the invariance of radiance along any ray. Point the meter at a uniformly bright’ wall 

_™ from a distance that & clearly less than the vheight or width of the wall, whichever is the 

R gunlien: Note chat, over fairly wide limits, the "reading" of the meter. doesn't. change as ose 
"you move ‘it. ‘in or out or tide | it to "view" different: parts of the wall. Only when you gee. 

* so close that you shade part of the wall*in the. field of view, or. so far away or tilted: so 

far that some of the radiation from the surroundings beyond the uniform wall eenthen! the 
photocell, do you see any change. Accordingly, since the rearrangement Or substitution of 
rays within the field of view makes no difference, they must all be of the same. radiance 
as they reach the instrument, regardless of distance or angle, as long as they originate | , ‘ 


from 'the uniformly bright wall surface. * " . 


The invariance of radiance along ‘a Yay enables us to inmediately write down a very 
general. rule that is often obtained through a fatriy involved mathematical derivation. The 
rule is that the flux per“unit area reaching a point (e.g., on the surface of a receiver) 
from a distant’ extended (source) surface of uniform, isotropic (constant) radiance depends. 

only on the value of that radiance and ‘on the solid angle subtended by the (source) surface 
i at that point; the solid angle enclosed by aene rays from the extremities of the surface as Mae 
"seen" from. the point. Te ts otherwise completely independent of the geometrical config- a. . 
uration. For example, in, figure 2.10 the heavy, lines at. As B, and C, represent three . 


possible configurations for such an extended source with, in veach case,, the same uniform, 
isotropic (constant) radiance. It is clear ‘from the figure that, since radiance is . 
2 invariant along every ray. the configuration of incident ray radiance converging at P will’ 
be exactly the same, and so wath produes the same £1ux per unit. -area, regardless of which 
of the three sources, A, 3B, or c,. is present, as. long as that surface has the same ys 
radiance L [Wem72+sr7!], ; , : . 


“ 


GEOMETRICAL INVARIANCE of THROUGHPUT. ‘ Although radiance is the complete distribution 
function describing or’ specifying the ‘spatial distribution of optical radiation in both 
‘ sition and siteection, the physical quantity that flows in a beam of optical radiation is 
energy, and the flux "ts the energy-per-unit-time or power flowing, e.g., through some . 
. reference surface that intersects the beam. It is to energy Or power that vadtation de- a 
* tectors usually respond. We said earlier that we need to be able to associate an amount iy 
or concentration of propagated flux or. power with a raf. Actually, we've already done . 
_ this in the expressions for the elements of ffux or _ Power do [W] 2 eqs. (2. 15), (2.16), 
and (2.18). However, we want to go back for another look to get a elcaues idea of this: 
quantity and its significance. , ae 


aye : ~ 


_ From our defining equation for radiance, eq. (2.14), we can diredtly write the. 
expression’ for the element of flux do(x,y,6,6) along a ray of radiance L(xsy,6,9) , 
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isotropic) radiance L, are-indistingudehable 


Sources. ‘A, “B, or’ C, -all-of the same (uniform, ; 


when "viewed" from P. (only one present at a time); 
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‘Figure 210. Sources AY By. or G all of the: 
»  “ tgotropie) radiance L, ate indistinguishable thy 
| : when “viewed” from Po ice one eee at a time) 
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i ‘ehpough a an element of surface dA« dx: “ay at ‘its point of. initetdaction: mY with the: ray! . 
and: ‘within an element, of. ‘solid angle . du =. cantatas about. on ray in. al direction eae. 


? 
. 40(x,y,8,8) ‘: “nears 19) “e000 eda js (wis a * a 24) 
‘ $5 : Se i es 
“Firthernore, . if we. ‘know the distribution of radiance L(y, 0 4) across any ee gur- sl 
a . Bade! over ‘an’ area vy thay includs all points of intersection x,y between rays. of a given 
= bean and that’ reference ‘surface, and: over “a solid angle w. at each, point © “XY _that con- : 
a . tains all directions: 03 ‘for-rays of the beam that pass through’ that point, then by sum= =" 
a . ming up. ‘all elements ‘of ‘flux d@ we can:obtain the total flux @ in the bean. “This < can . 
“be: ‘done by using tntegtal calculus where. Peta Oe a aun ar Be we 
4 ; : oe : an oo eae o ‘, J Her8penta du-da ts. 2. a. oe ; = (2.25) os * 
_ Hote that this 48 just eq. Q 11) tn eliehegy aifterent form. — - 
In a untior, Leotrepic, beam, where the: tadiance has ithe! same constant, value L. for. 
‘all rays of. E-fhe ie as with eq. (2.12), ents: james tas to : : 
“ % : we La < .o - 
: ; oeLneff cosd<duedA = 1-0 [WwW]; - 
7 oo . . Ab _ ae 
® . ° 
: : + a. . : 
where a ; . P 
ae 8 : cer Z 7 iP ' 
e. t) ‘ ie cos6-dwedA [m?-sr] 


a 


~.. ae = Led [w]. 


a be ‘It -te the Product of the radiance of a a ray and che, a anc 


e a - “Yn seein unifors, isotropic | 


hep 
’ 


a. sge® 


‘ion would: prefer that ‘the left side of eq.: (2. 24) be ao 8: theond order differencial: oe ay - 
ay: ‘but this raises ‘machepatical questions that. we don't want ‘to’ get’ 1avolved with,” iS Tn “any - ae 


ts _ event, the ‘order ‘of: ‘the ‘differential. ‘is somevhat Reeteeary since offs Ld9. = * LedAeda = Le 
; dxrdyreosdsdu = Ledredyeos8-aind-d-a$.. pee ee a 
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‘also be sim 


‘characterizing any given beam of optical radi 


ity to Propagate ; or Prangabe radiant Flix or! power {12]. 


a = 
. . : 7 
oa ro . ' ' 


unchanged alene an giewen cacy beam. (associated with a ray). We’ “equated 40) of eq. (2.15) 
and doz of eq. (2. 16) when the ‘points Pi and Po ‘of Eigure 2.8(b) were arbitrarily 


chosen as any two points along the same ray in such a medium. -We then found, in eq. (2.17),. 


that radiance AL is invariant along such © a-ray. Consequently. if both dé and L are 
invariant alohg ‘a ray and they satisfy eq. (2.29),. then ‘the element. of throughput 40° must’ 
larly invariant along the dlekentary bean associated with that ray. Further- 
more, since ray geometry is not altered in any way by attenuation of the flux propagated 
sicue these case, the fact that’ dO: is. invariant along. pa nay: in a lossless medium with no 


attenuation means that it must divaye be so, even in the’ presence of attenuation, ! 


If do is thus invariant: along every slewentary beam or ray that makes’ up a given beam 
of ‘vaddatton, then its integral, é¢r'| the throughput of the entire beam in eq. (2.27) must be 


similarly invariant.. What this means is that, at any reference surface th “intersects the. 


entire beam, the “integral, of eq. (2.27) will have the samé r e.as long as no ‘rays! have 


been added to or takai away from the ‘beam--as long as’ it is 111 made up of exactly the 
same rays. Thus throughput, a purely geometr 1 quantity, is the geometrical invariant 

t i. The larger the enroGahput the larger ..°°,. 
the flux propagated through an optical systen. In fact, when~the radiance is everywhere 
the. same. throughout the beanie ea: (2.27) shows that the propagated flux is irectly pro- - 
portional to the’ SPEQuEMpHE: Accordingly, .the Phroughput has been found festa asa figure! me 


‘of merit din making comparisons between different optical ’ systems on‘ the basis of abil-* 


pike 


f- ‘the, aéonetrieay ‘quviiriance “Of thrdughput is seen more readily if we 
(2. 27): by, “assuming that the solid ‘angle w filled by: rays of the : 
beam is exactly gtie Baiie’ ‘st Aieiy point Xs where rays of the beam intersect the refer- es « 


further eimp}ify. ee ; 


ence murtace, ‘over. he. gntire area A. In other words, there is Fo vignetting.? Then the 
two integrals compi {sing the double integral on the right- -hand side of the equation are 


independent? of each other, making them Separebie, so that we can write . v 
wt. "gw (fan)*(f cooseds) = aca [mtear),°., * 2.30) 
Be (1,24): (1 cos0-ae) inter], a. 
where’ | . 
‘ = J cos@‘dw [sr] a 7° as < © (2,31) | 
M es ; ‘ , . 


is caliied:; a. a. projected solid angle . (or, sometimes, a weighted solig angle; for more discus- 
sion,, see ‘Appgfdix 2g): Here the throughput is exactly equal to the product of the area A 
eee sie a 

las a purely geometrical property, it is possible to establish the invariance of through- 
put, independently of the invariance of radiance, by purely’ geometrical reasoning. How- 


ever, the logic used here is quite correct and a great deal simpler. : 


. 


fa de 4 ‘ 
2See any standard text on geometrical optics [14,15] for definitions and discussions of 
apertures, beams, stops,. vignetting, etc. . _ 
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- a3 re a oo a : © 

of intersecffon ‘beHwaen the beam and: Che teference surface and ‘the projected solid angle Q 
corresponding to (and, for small solid ‘angles, approximately equal to) the: ‘solid angle w 
filled by the rays of the beam (at. its intersection with the _teference surface. . And even 

. (when: there is. vignetting, and the solid arigle’ wu ‘varies with position at different inter- . 
section points X,Y across’ the area A, -it is. still true that each element.of ‘throughput 

_ d@ ‘can be written as the product of the area element dA and the element of projétted - _ 

- “solid angle dQ = cosé- dw: 


ne 


. _ dO = dA*cosé-dy = dA-dQ [m-sr].°. ~., (2.32) 


In fact, Jonés {13].has proposed the term “area-solid-angle product" for the quantity we 


‘ 


-eall throughput. . oe ae te — i a 
: a a : an an 


The. foregoing is not. ‘Just. an exercise in terminology and notation. - What eqs. Q. 30). 
and (2.32) tell us is that, since throughput | is dnvariant forsa given’ beam and is also. 
roughly equal: to the product of éross-sect ional area and solid angle filled by the beam at 
its ‘intersection .with a reference surface, 4£ the area ta. reduced at the intersection with. 
another reference surface, the solid angle Must he correspondingly’ increased to. keep the 
_ throughput the same, and vice versa.. For example, as illustrated in figure 2. it, the solid 
‘angle, wes subtended at theeslide ie a slide projector by the projection optics 0 is ; — 
much larger than the. solid angle wy subtended by: those same optics at the distant projec- 
- tion screen. If. the area of the slide is Ags and that of the projected image is A_, 


I 
POR oe g the approximate relationships are given by 
: a moe my & . ; a 
Qo % Ay Qe % Ar ay [m*-sr], . . (2.33) 
where the projected solid angle = Ff. cosé*dw % w [sr]. Rays leave each point of the 


small-area slide surface eae “a er large solid angle and arrive at each point of the 
large-area projected image ‘titea igh a correspondingly smail solid angle, so that the through- 


put or "area-solid-angle product" at each reference surface is the same. 


° 


A good aT TUBEFAESCR) wan a different reference surface, other than that at the _ 
source or its image, is sprovidali by a simple lens used as a “burning glass" to focus the 


». sun's rays into. F) very" small; h image of the sun (see figure 2. 12). The area A: “aE ‘the 
- lens is very } ch ; Vora pe ea A, . of the sun's image, but the solid angle or pro~ ae 
jected sonih 

5 * Ms ola atthe - ‘lens -near the earthhs surface is correspondingly © he as 


vee much omaldgg''e d hid angle 2 


ically the same for small angles where cos@ % 1) : 


: SL: corresponding to the solid angle of 
converging raysi duliteniieg, at. “thou? 8 mage by the lens. For the throughputs to be the ‘wt Be 
same, the A-Q pHoduets ° 


at Poti reterdice’ ‘surfaces, d.e., at L and s, must bé approxi- 


» 


t~- 


mes a 


(2.34) 
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| Figure 2:11, S1ide-projector throughput. 
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Figure 2.12. 
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Burning-giass: throughput . 
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: a -f y cost, du, a C080 du, Laas, [m2-sr], a. (2.35) 
5 aia ‘ - : a oh . \ F 
bs 3 as i : " «~{* LS. . , *s ‘. ee , : ; 
a -f a [aren hae = 5 . Ss ot a a8 


“where the quantities on ‘the left-hand side: are evaluated ver a reference surface at the 


lens L “and those on the right-hand side are re evaluated Sayer a reference surface’ at the 


‘ 


- the sun's image. 7 be to Pa 


‘sun ‘"s-image ey ‘and where’ -the subseript E merees to. the lens, a) to the sun} ‘and 8: to 


As with radiance, we! te condiathed chroughput. ficct for uniform,” Asotropic wads where 
‘| the velocity of propagation (Rencey the refragtive index) is the game everywhere and tn all 
‘directions 80 that. -rays are all straight liges. -In the more acnecay case, Where the’, index 
of refraction changes from point to point along a ray, it is’ the element of basic throiigh- , 
‘ put. ‘n2ed9, ‘rather than the element of throughput ‘dO, that is invariant. . This. follows! 
8 immediately from the invatiance lux d? = LedO [= (L/n?)+ *(n2 *d0)); and the invariance 
: of basic: ‘radtance L/n2; ’ when lane geometry is considered and interactions ie matter 
| that may produce attenuation or augmentation are ignored; We won't: make much use of basic 
Si ee throughput, however, ©: It is mentioned here primarily fOr completeness. Tt ia basic radi- 
", aice that is usually hore useful, tts geometrical invariance along each ray : “ rbgether with 
"functions taking into account any interactions with matter along the-ray, provide the basis 
eae for transforming from the distribution of radiance across the intersection of a beam with 
Bey ae ‘one reference Surface to the distribution at ‘a, secdid: intersecting reference ‘surface.: .Once 
No the second ‘distrabation te“known,” the eoral> flux in the beam at the. second reference sur- > 
Q 


the index: of réfraction “n also: dries from point to point over that reference surface. . is 


7 “a OE 


‘face is’ correctly ‘given. by eq.. 


2425), in terms. of radiance (not basic radiance), even when 


‘o 


** OPTICAL PROPAGATIO§ 
o ‘espectally_ the, ance 


=: INTERACTIONS with MATTER. The Propagation =f optical raiation, 
edhciions with | matter alqng’ the propagation: pach: that can ‘either: atten= 
Nate (reduce): or. augment (Aneresig)- hie: flux in a radiation beam, or do both jieuitanacusly,, 
mated could take up a separate chapter, “or. ‘more. In fact, the complete, highly sophisticated ; 
- treatment of radiative-energy transfe or just” radiative transfer as it is usually termeds . 
is beyand the scope of this Manual, bué: we will give it some attention later. Right nowy 
. a owe "11 ‘Limit our treatment to the atteduation of radiance by absorption and/or by scattering 
; s os OE. reflection into ‘other. directions. This will be adequate for a. large @ijority of common 
“Reasurement situatiqis which do not involve optical paths | through: emitting™ or strongly . 


ga bs oe - Scattering. material ‘nor the observation of weak sources that. are close, at. Tedet in direc- 


a ‘tion, ‘to wary ‘much ‘stronger Onre For example,- amateur photographers are always cau~ : 
Ox .. ploned, at. least as ‘beginners, te’ ‘take pictures out of deere on clear. days ‘and not to point 


the: ‘eamexa near the sun. These restrictions still. leave chem: with: plenty. of opportunities, 


ve 
Cae Set tigate oy ‘ 


‘ lis pointed. ‘out in an savider footnote concerning sche cughuel it is similarly seaaibic. to 

> ra : establisti ‘the - nvarlance ofMbasic thro ghput_ along a ray by purely geometrical reasoning, 
~ fadependently « of the invariance of basic‘radiance. However, agains the logic used here is ° 
quite correct and wuch simpler. : y “ ‘ , 


r) 
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for taking Satisfactory plotires. “Incidentally, photography is a rough form of optical we 
raddation Measurement. An ‘ordinary photograph can be, and sometimes is, used as a mdasure- _ 
" Ment of the directional distribution af the radiance of the rays converging on the camera + 
lens (the receiving aperture) from different qparte’ of the angular field (the scene), . How— 
« -. ever, reproducibility and calibration accuracy are not as good as with mogt other tech- : « 
niques. Nevertheless, it~is.,frequently helpful” to think of radiometric problems in terms 


of, pacailer Situations ‘in photography, with which many people nave: at least some familiar- 


ae . ity. ° Be? aye Bs : ; , : . : x 
. ~ : . Bi Oa go eT “~¢ ee 
a Te further siapidty chings in consider ing aicceauation, we "ll also confine our sttencion 
, to optical paths that begin and end: in’ the same medium. ‘Then wé can treat radiance L. as .¢ ar 
the geometrical invariant. ny, HE peed fot concern ourselves with the refractive index and 7 we 


> _ basic radiance as long as we are Q&hly interested ‘in the initial and final values and. not in is 
. the > tadiance within intermettWew. 0 tical elements of different ates ‘ a ; vane 


-s 
Since 4 an "element, of throiighput do"" is always invariant and ia a purely geometrical 


ee ee 
“quancity, unaffected by. avebnivation, any serene of the element of "flux d= Ls do, ase. iy 


"a ray, propagates along an optical path, req res corresponding attenuation of. the radiance”) 
L. ‘For example, ' consider an element’ of flux doy reduced to dd, = td0) in’ traversing 
the path shdwntfrom suiface 1 to surface 2 in figure 2.13. At each location, the flux, 


‘element is the’ ‘PrSduct of the radiance and the element of throughput: fhe = L}°d0, and 


7 dé2 = L2" dQ2. But “doy = doz = do, sO ” - - ; . 7 + 
ci Lz = deg/do = t+d0)/do = tel, 2 636° 


‘In this instance, _t a" do2/d01 = ellis the ratio of final radiance to initial mad ance or: 


JA sinitar “quan edtabeve rel ion describes chacseltuaciog with refleetance p = do /49, 


Le My “the ratio of reflected to incident Fadiance or the fraction ot incident egtiaia eae 
i is’ (guccessfully) refletted, in place” of. transmittance. ° The ceecespondine ratio Off 
“4 
‘esc. final’ to initial radiances, as a’ measure of the attenuation due to all transmittances and : \ 
eae < : 


reflectgnces over an extended path, the fraction of incident radiance that: ‘is (successfully) _ 


" propagated over | the entire pare: is the propagance : ‘ bee : pe , 
tm S 48/49, = La /Lys 2 > (2.37) 
» a . : : . . = 


where - and Ly are the’ propagated quantities reaching the end of the ray pabt and- : 
de, and a i Ae the initial quantities at fhe ‘beginning of the ray path. : : . a 


= 3 1 Lf rhe, Propagance is the same over all ray paths that make up a larger beam, it will 
+ have ‘cna. “game value for the ‘entire beam. If not, the- overall propagance for the entire 
bean, asthe’ fraction of the total. incident flux that is propagated to reach the end of 
the path, will be an average of the individual ray or elementary-beam propagances. It will - 


y “ke . ; ; , 
: ; : 38 
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‘Transmittance of ray path 


from dA, to “dAy is 


“te do2/do, = Lo/L}, 


- where de, = L,dA, -cos@, -du, 


s 


vo RB Lyd03- d= Lor 2 | 


ms 
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, only the average viice “For a beam of rays, we. can't Measure the ray, or elementary-beam 


: corresponding dispribution and its. integral, .the, flux, across the. tatersection of the same , 


“the source, what is the" laa ae radiance distribution and its integral, the emitted - 


coordinates ‘of ‘the point »¥2 and. direction 8242 * where a 


, for the same ray where. it intersects the first reference surface, or Ly as While 
e 


be covered in Part III, when: we go more thoroughly into applications. Wha concerns us 


. : ae ae 


be a simple average if. the incident beam is uniform and isotopic: with all ‘xays starting 
Z , 


“out with the same fnitial value of vaddance L,- If they do not, it will be a weighted 
average, With the spatial (position and direction) distribution of negranee i 1 Fo g8 ie) 


as the weighting sl i a. : 


Again, since we: "can" t measure ‘the radiance ofa single ray or elementary beam, but - e 


oe : . . o 
. , 


Propagance, only the average value for. a bean. However, ‘he seaty tual or elementary = 

beam concept is regarded as the more basic for analysis. It fs only in* terms of individual 

rays that we can completely analyze and ‘account for the behavior of nonuniform distribu~ 
.* 


tions interacting with. non-uniform. media and, finally, with radiometric instruments whose 


‘ *responsivities may’ also. vary with the position’ and direction of each. incideng ,elementary - 


. 1 Ot 


beam at their receiving apertures. 


~ 


TRANSFORMATION from KNOWN LANCE” DISTRIBUTION to FLUX at ANOTHER LOCATION. A eeequantiy. 


“encountered ; ‘problem’ in making optical ‘radiation measurements is to transform from a known 


‘distribution of - radiance across the intersection of a beam .with one reference surface to. ithe 
a 
beam with cppar reference surface. For example, piven the distribution of radiahse from 
a known source, BBs a standard for .which. a certificate has been issued by NBS, what is 
the distribution lof incident radiance at the ‘surface of a: receiver after.ithé beam has 


passed. through an atmosphere ‘and’ optical elements for which the: overall cach. ‘Propagance is 
known ‘for each ray of the beam? or, conversely, given the measured values of radiance as 
a function of position and direction over a reference surface, measured by a scanning or 
imaging radiometer, and the measured values of path Propagance\to a.reference surface. at 


* - 


flux; at the source? . an ve fs . ~ 


The first ‘step, “in either case, is to establish corresponding: cooydinates for ray a 


. position: (point Of Antersection) and direction, between reference surflces intersecting the. - 


Beam at. the two locations. | We need to mow, for all vale oe t beam, the. value- of the 
ray intersects the second 
reference surface when given the coordinates of’ the Point x),y, and direction 8154) - e 
: i 
not trivial, a table or formula for providing these corresponding coordindtes for the same 


ray is often not a very difficult problem. In any event, it is a ray-tracing problem for 


. which adequate treatments should be readily available in fexts and references on -geometri- 


cal optics, so we won't go into it any further at this point. Particular* ‘situations will 


now is that either set of coordinates, 19918196) - Or Xor¥or8os¢o, unambiguously ‘iden- 


tifies © the same “ray. Hence we may express” any property of that ray in terms of either: set 
of coordinates, or, even another set, as convenient. For example, we can ‘express the! 
radiance of a given ray at: the second location as a. function. of the ‘coordinates of that ray’ 


at the first location, 12 (1,91 581,613, and vice Neraes Li (xae¥o 89,40) «” Accordingly, 


- 
. ae : os adhe ee . Pe yr 
= , oe * “40 oe : i Se 9%. 
4 rae ‘ + ~ : : 


aS ‘ ee te ke F au ete SOR ue 


i ‘the same . set iiust be used’ onsistently for all quantities relating to the same rays ins < 


Soil drop tifa. subscripts from the coordinates ‘aiid show, hem just ‘as x,y8, ¢. 


the. coordiifates at any “gonvenient reference surface that intersects’ the beam, 


given eayrecnion in order to eStablish. meaningful relationships. 


On this basis, ‘we can write the pappagance for a given ray, as a function of its 


coordinates, from eq. (2.37), as’ « oe ee . a 
a * » au 7 ms 


: 
aes - ° ‘ 


L_(x,¥,0,9)/L, (%,y5850)-% » (2.38) 
Pp Pr i c : : . 


. t*(x,y,8,6) 2g 


Then, if we know. the exitent propagatéd radiance L (592840) ‘and the ray-path propagance .ot 
ne . ® e : 


tex,y,8,o), the incident initial“radiance tis 7 ae , 
Ly (sy48,9) " = Lip (+9289) /7# (x,y ,86) (Wem-?-sr-1}, (2.39): 
. ; . Tg . 


Conversely, when the incident radiance Li (xsy,8,9) and propag&nge 1*(x,y,8,¢) are known, 


the exitent. propagated radiance is found as ; ‘ a 
L998) = T#(, 9850) Ly (x59 49) [W-m~- *sr7!}, 2 (2.40) 
x 


; ne ® é 


@ften the quantity that is finally desired is’ not the detailed distribution of radi-. 
ance but the integrated total flux in the beam at the desired location. The corresponding 
expreasions are the integrals of the quantities in eqs. (2.39) and (2. 40), respectively. a 


The integration is carried out over the area A containing all podngs of intersection x,y 


on.’*the selected reference surface and over the’solid angle » ae each- point’ x,y that 


ta: 
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includes the directions 4,¢ eh all rays ‘of re beam that pass through ‘that point .of _ 


’ 


intersection. 


4 = (2.41) 
7 % 

*, Fi L 12850) °7* OY, 8, ee dw Sah Iw). (2.42) 

“6 . a0 , 5 : * 


It shduld be reemphasized that cheda egfie ions are based on the. assumption that each pair of 


Salie$ iof the radiances Ll; and L, for the same ray (same value’of x,y.9,¢) exist at 
@gints of that ray where the refractive index is the same (in the same medium). if this is 
not the case, the SPanstqpmactons must be mpditied to take into account the different : 
refractive indices at the twé& locations. I 
, . &s a. 

lye ny id the refractjve index a at the beginning of the propagation path, a the index 
"at. the end. of he path, and& n the index at the locat ioftiof the intersecting reference 

t . 


surface for the coordinates X5Y,9,6,° these relations become: 
i 3 . 
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over both the full area A, and the solid angle w at eactfpoint of that a ‘that 


_ ’ — 
ieee y= 48, (1 y49,6)/404 2,9 068) ™ (L, +40, )/(L,+€0,) t . 
og SehtyPaey detn,?/n, 2), as (2.37a) 
: | | (L,/n2)+ (n,?+d0,) pe ee pe 
since, by the: invariance of basic throughput, ny? a0, * ny? 40, - Then 4 , : 


% JJ lbp 07 9580/0 Gory 88)1- (02/02) Rosd-durdA (W), and Gea) 


’ 


; , . x : Ban : ; ; : 7 @ hue oe 
o, = Jf J L, (x.y,0,6)°t*(x,y,0,9)*(n2/n, 2) *cosd-duedA [W). (24a) og 
P . A’w lL és i oo ae ieee 
- oe : _ oe « ; ; 2 ee Oe @ . 
‘ ' : ; 6 
A : a thy * o% 
SUMMARY of CHAPTER 2. In order to obtain an expression for a amount of radiant “(humtnoys 


or photon) .flux propagated along a fay, we first introduce radiance Cluminang _as the com- 


plete ‘terrdoutsagiy optical radiation with veapect to the spasial "parameters of ‘position 


and direction. ‘defined at.a point on a reference surface. in thé direction‘of a ray 


ee. 


through that point as (see figure 2. ae Go one 5 ie 


" ? 
be 


ae : 7 d20(x 8 wn2. <1) 3 im . 
: . L(x,y,8,6) €, davcost du (Wem7*esr7!}, : ° (2.14) 


t ‘ al 
This quantity, radiance, is peonstricaliy invariant along any ray, in the direction | of ‘the 
ray, ina uniforn, isotropic, passive, lossless medium. Across smooth boundaries between 


different media, or in media with varying refractive index,,it is the basic radiance L/n2 


: (where n is the index of refraction’ at the point where the tadiance is L). that is 


similarly invariant along any ray. However, in the same medium (same refractive index), 


a 


even after propagation through ' ‘another, e.B.,5° Phrough an optical senna of different index, 


fuse the radiance L jis invariant (neglecting attenuation), with the same value in the 


diréctiol of @ a ray at all points of the ray in that medium (e.g., air). < 


. «The element of Ede adsoctates with a ray is given hy ; 


’ . . . es 


* ae yeas = L(x,y,8,9)*cosO-dwedA [W] (2.24) 
- = L+do [W], - (2.29) 
b ea & és 
where dO = cosedw-dA [m2+sr] nas on - ie. (2.28) 
““ is . a . A : a 


tion ee The throughput element’ d0°. is also geometrically jnvatiant alohg. the ray at” 
all points An the same medium (same index n). ° 


. 


, In order’.to evaluate the total flux ¢ ina beam of radiation where it intersects 


some convenient: ‘reference surface, it is necessary to know the distribution of radiagce 


e 
° . * : + 


42 ar? . o- 


‘is the element of ‘uedietipae associated with the ra¥ through the point x,y in the direc- 
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L(x yy 48 pp ).. Either set of coordinates x 


wo the. auréada: ofa source, and- (2) the propagance. Mcys8 »9) of 


. 


5 re ; 3 . 
incldde*all of the rays that make up the beam. The total flux in the intersecting beam is, 
@ ‘ ; . 


then,” - . Pe 4 ' 
_- ” Po Gif UGuy,0,9)-coseedueda [W]. (2.25) 
& » ; ’ . i 4 


If ‘that radiance distribution is known only at another reference ‘sur fake, it can be trans- 
frmed to the desired values through the invariance of (basic) radiance along each ray. of 
the beam, #taking iato account also interactions with, matter over the intervening propaga- 
eto pachs that may attenuate or ‘augment the radiance of each ray.’ Usualiy, the points of ; 
interes twill both’ "Lie {in the same medium (same refractive index; e.g., ‘in air) where eda ae 
waned is invariant, with no need to resort *to basic radiance and xefractive indices. Also, x 
most radyation . Measurement situations involve direct paths through passive media amnees the se 
only interactions are those that produce attenuation. For our purpog the mast’ conven- 
dent. Measure of The BeSult of iat attenuation 4s the propagance %, .) 


~ 
; ’ 


- . : . Pe — : ’ ,° + 
Beye) = Ler eet Ganget t . (2.38) +4 
ace P ee “ *, eo te * : ok 
v 5 a 7 ed toe oe . 
we * 
over the ray path from the point XyoYyo “where an. inci die ray, of radiance L. ACES PELE ee 
intersects a- reférence ‘surface in the direction 959d, vfre the point X55¥ 5° where the same 


ray intersects a second referehce surface in the direction 89% with propagated radiaace 


p*p'%p ayy 95904 or *5 Y» »8 pity? or even those at 
a third rater eiee surface (also in the same medium-—same index) sce incersects the entire 
beam, may be used in eq. (2. 36), so the subscripts have been dropped there. It 16: only 
necessary to ‘use, consistently, for all quantities ‘ the’ same equation,- such coordinates 
that uniquely identify each ray by its p@int of intersection and its direction with respect 


to the same reference surface. . 


» 


Given (1) ene incident radiance ‘distribution L p98, ¢) ve xeference surface, e.g., 


h ray over the path from 

its intersection with’ the first’ reference surface ts its intersection with a second tefer- 

‘ence surface, e.g., the aur fige of a receiver, the transformation to the distribution of ° 
propagated radiance Ly te ae, ¢) aeress “the second reference’ purtpee is. 

e \ 


. L(y, 650) - L, (4,958.6) °t#(x,y,8,6) [Weme2-er“1], es (2.40) 

P : ° , Py : a +r cw 
Conversely, if -the Pypeagated radiance distribution has been measured and. ‘the trans-, 

formation+back to ie incident radiance distribution at the first reference surface is 


desfred; it is 


“i . _ ' o $ *®, ;: 
. 7 5 itn : , i 2 : . 
. Wy Guy,6.9) = Lp 6% +y856)/ tH Oey74850) [Wem? art] woe (2.39) - 
a. re < . : ry 


‘Finally, the corresponding trans¥ormations to obtain ‘the Aakegrated total flux in the 


"beam ‘at the seéond location, in each case, are, respectively, el ° 

ee ee ae RR, oa =~ er 
sf ‘ t a 

* ws P 4 , \ H 


nm ; - 


® = JJ bay» 8,9) +1# (2,986) +c088-durda {W] F (2.42) 


e 
and * 


; a o, * Aga (L, a 8,6)/t*(x,y,6,$)]*cose- ne (2.41). 


. 


It is assumed that both reference surfaces are in the same medium (same’ refractive index) as 


~ 


well as any third reference sur face that might be used for the ray coordinates in an unusual 


. situation, : If this is not the sage, See eqs. {2. 41a) and (2. 42a).in the footnoté at the end 
of the last-gai 


ern preceding this Sune , es a . 
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Chapter 3, Spectral Distribution of Optical Radiation 


e 
. 


| ‘by Fred E. Nicodemus and Henry J. Kostkowski 


* 


cy 


In this CHAPTER: We develop the ‘concept of spectral radiance. This is the basic quantity 
for specifying the distribution of radiation relative to wavelength ands at the same time, 


relative to position and direction. We examine the interrelationships between spectral 


radiance and radiance, particularly in relation to geometrical invariance along a ray. 


Finally, we look at ‘theiway in which the total flux in a beam is evaluated from the distri- 


bution of spectral radiance. In the main,’ this “ts almost a duplication of the treatment in 


ane ae 2 except for the addition of the new variable. 


in much the same detail again fof those who want it. 


However, we've spelled it all out 


Those who prefer “to, do so ,can, skip 


directly td the Summary at the end of the Chapter and use it to decide what, if any, details. 


they need to review more fully in the body of the Chapter. 


SPECTRAL RADIANCE. In general, the ‘optical radiation emitted by most sources, the propaga- 


tion over’ many paths, and the responsivity of many detectors, all can vary greatly with the 


spectral parameter, wavelength.! The combined result of all such effects of wavelength 


(spectral) variations involved in a measurement is usually substantially greater than the 
effects of geometrical variations (variations in ray position and direction). 


An example 


.of the degree of variation that can occur is seen in figure 3.1 which shows - ‘the spectral 


distribution of the radiation emitted by the central 


» uniform portion of a 2750-K: tungsten 
strip lamp and the spectral responsivity ofa frequently used photomultiplier detector. 
The Fadiance of the lamp increases by a factor of 7.5 from 450 to 800 {nm]' while the 
photomultiplier responsivity decreases by a factor of 30 over tHat same interval. 


In order to extend the concept of radiance so that. it also covers distribution with 


respect to wavelength, consider again cbs experiment, pi dusteatad: in. figures 2. 2 and. 2.3, 


the wavelength in vacuum, and: n is the index of refraction). 


typically used in each case, but they are not consistent. 


with Ao in [nm], - we must use c % 3x105 {km-s “ly, 


“it is eby sous that A, must be given in {cm}. 


widely used by speotroscopists, are called "reciprocal centimeters." 


. Pre spectral parameter 1s commonly given in three different ways. 


They are: fe) frequency 
v (se/A9) {THz}, (2) wavelength | r nm), and (3) wave number o (#1/A,) {em7!j (where | 
cr 3x168 [m-s~!] is the Wacker a spéed of electro-magnetic’ radiation, 


Xo (=n+)) (nm) is 


The. units shown are those. 


For v= c/o to be in (THz] 


and for .o = 1/A, to be in - “fem=hy *: 


Incidentally, these wave-number units, 


Althou 


gh frequency v 


is the basic: spectral parameter, that remains unchanged as a ray passes through different 


media, we will follow common practice by expressing most spectral quantities in radiometry 


An terms of wavelength. Note, also, that the term "spectral," itself, can be ambiguous; 


there are also space-frequency gpectra, referring to repeating patterns in the spatial dis- 


tribution of radiance, and modulation- or scintillation 


~fréquency spectra, i 


frequencies f<<y.(Hz] of variation in the’ average radiant flux or power # 


bean. We will consistently use "spectrum" or' 


eferring to 


a radiation 


‘spectra". and "spectral" ‘loll a; without a 


modifier,. only to refer to the radiation parameters v, kX, 
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and/or ° 
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RELATIVE UNITS: 
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TUNGSTEN LAMP 
Gs ce ~ 
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‘ PHOTOMULTIPLIER 


300° 500 . 700° 9Q07[nm] 
‘WAVELENGTH ~ 


. Figure 3.1. Large variations of © 


radiometric quantities | a 


with respect to wavelength. 
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_ radiance) aiid is aeneked and defined as LL. 


2 Be ; te a - 


where we found that the flux in ene beam defined as two small apertures is ‘given approxi-_ 
mately by oe ; ; 


- 


NA 81 °AA an a 
: 1*cos8) *AA2 -cos8o we ase ‘ 
Ae. ye Le i] 2h (243) 


p2 1 


~ 


(this time we ‘use ‘the’ ' "approximately equals" sign to clearly ‘recognize that this is an 


_ approximation). Noy, in this same experiment, we insert into the beam, one at a time, 


filters that are transparent (transmfetance 1 = 1) only to certain desired wavelengths 


and are opaque (transmittance, ao 0) to all othet wavelengths, completely blocking them; + 


as shown in figure 3,2. ‘Of course, real filters can’ only approximate those ideal character~‘ , 


istics, but it's useful to make the assumptions for analysis to clarify the related concepts 
With: such a set ‘of filters, of successively decreasing spectral intervals. (bandwidths) Ah 
about the same central wavelength 1c, we find that the measured lux 4? in the beam is 
now approximately Proportional to the spectral-wavelength bandwidth Ad, a8 well as to the 
spatial factors, as before. ‘Also, ds with the spatial parameters, as the wavelength inter- 
val dacteskes, the. ‘proportionality becomes more exact. In fact, we find that, even though 
we are stopped again by the minimum amount of flux A® required for any measurement to be 
made, it is- once more analytically useful to assume a continuous underlying distribution to 
which the limiting process of calculus is applicable. Accordingly, we assume that, when 
the Spectral interval is made arbitrarily small, the proportionality is exact and the pro- 
portionality. gonstant is called spectral radiance (more explicitly, spectral-wavelength . 


d3o: 


. 


These relations cérrespond to those win eqs. (2.5) and (2. 6) and, like them, are important 
aids for. many who find this approach to the concepts easier to understand. ‘Later, however, 
for useful applications, we'll go back to the approach of eq. (2.12) and employ the equiva- 
lent expressions in terms of position and direction at ron location. 


From eqs. (2.6) ana (3.1), it is clear that’ spectral ‘adiance is the spectral distribu- 


tion! of radiance, the spectral ‘concentration per: unit wavelength interval as a | function of 


The CIE-IEC International Lighting” Vocabulary [5] dees not use the term "spectral radiance." 


Instead, it speaks of the value at a particular wavelength as # "spectral concentration of 


radiance" and of the hae concentration as a function of wavelength as the "spectral 


‘distribution of radiance.' However, we follow the widespread practice in this country in 


our use of ‘the term "spectral radiasce" for both of these quantities. 
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Ideal filter“set with = 
spectral transmittances 
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‘Accordingly, it provides. a means for specifying the distribution of optical radiation with 


respect to wavelength and, at the same time, with respect to positjon and direction. Fur- | 


thermore, by integrating both sides of eq. (3.2), the value of radiance in a wavelength 


. 


band from A, to do is obtained as . ’ * 


a Pe 
ov “de & 


| Linky) 7 4 Lda. | 7 fe (3.3) 
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For example,’ the wavelength atateituvieie of endkead radiation for three frequently used — 
light sources are plotted on relative scales in figure 3.3. If the ordinate scales were 
adjusted to represent values of spectral radiance, thé areas under each curve between 
limitdng wavelengths \, and do, i.e., the integrals of eq. (3.3) between those limits, 
would TepEeeent the emitted radiance in that sSpectral-wavelength band for each lamp. 


As with radiance, we want to define and work with Spectral radiance as the property of 


a ray at its ‘intersection with a reference surface (€igure 2.7). Again, recognizing that 


(AA, *cosé 9) /D2 = du). is the sqlid angle! in steradians [sr] -subtended at 4A, by AAd, 
as shown in figure 2.6, we can reurite eq. (3.1). as , 
% J ry "2 


ee Oe * Lim 


L, = AA+0 oe 


I . s Aw + Q ‘4Ascos6+6w-Ad 


OA +0 : ; ; 4 
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‘The SI units for Spectral radiance are often given as [Wem~3+sr 23m using the same unit of 


length (meter [m]) for wavelength as for other distances. However, it then appears,, mis—- 


‘ leadingly, to be a volume concéntration, which it certainly is not.2 (In fact, we'll see 


later that there is a radiometric, quantity called "sterisent" that is correctly given just — 
: : eo 

lSee Appendix 2 for. definition and discussion of the concept of solid angle. 

*similarly, if the wave-number unit is given as the treciproca} meter [m1], ‘the unit of 

spectral (wave-number) radiance Ly 2 dL/do. , would be [Wenlegr-1y, rather than 

[We m-? gr“! omy as we prefer it ronnie it correctly suggests a simultaneous distribution 


with Yespect to. area, solid angle, and wave number. An earlier. footnote Suggests that 


. frequency. ' vs (tg) be regarded as .the basic spectral Parameter.  Prpin that standpoint,’ 


' wavel th and wave number can: ‘be considered as indirett measures of) frequency; rather than 


ag lengths or reciprocal lébgtha, per se, as ‘further ‘justification for oor re Ship as 
having différent dimensionality from ather lengths.. 
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ae Figure aos, eee dtepediueson of eatasion for sires typica 
we, a wg 8 arr . sources, in: telative ‘units « ‘ (There is no significa 
64 i re 3 “othe, ie of sy curve Telative to. . the others. y 


. 


‘ =, e ars . 
a 7 : ‘ ‘ o 
those units and ‘is quite ‘correctly treated ¢ as a volume concentration. ) Accordingly, w = 


prefer to use a different ‘length unit (also of more appropriate magnitude), ° the: nanometer 


dimensionality of the spectral parameter’ in checks: of unit-dimensio 


[nm], for wavelengths and thus make it easier to. recognize and keep’ track of the different: 
. 


Thesfully explicit’ derining equation fox Spectral radiance,. chen 


» . at 3 3 Ne 
_ ea. = d30(x,y,8,$,A) sefigiea = ONES a a 
Oy 8465 = “dA-cosO-dweda ([Wem®ssr-tenm!}; oe ee 
‘ . . moat : a Lo ye = : x 
e “.* < 4 a 6 $ 
where ee ks rs a ee $e ee 
Xsyr85> 6... ‘defined, relativ®to the intersecting ray and surface element dls! in ee 
« ~ * connection with eq. (2. 13) (arid figure 2073 fF a ; a 
L, (x,¥,8, $,A) [Wem™ 2.sr “Venom 1] “is the spectral radiance ‘at ‘the: ‘point x,y in the .. 
direction. 6 a and at the wavelength °); and “ee 
5 008908, 4, 4) [W] is the radiant flux thréugh the surface element dA = dx: ay ga) 
e - -about the point x,y * Ywithin the element'of solid angle dw = sin@-dé- “do [sr]. - 
. ° im the direction 96 gon ‘within the elementary wavelength interval “dA [nm]. 
about the wavelength . ; e 
) = cee ral ’ 


GEOMETRICAL INVARIANCE of "SPECTRAL LANGE. In ‘the last,,chapter, considering ‘only’ the © 


spatial parameters of position and direction, we found that the basic radiance L/n? is 
invariant along -any ray, in the’ direction of that ray, in lossless passive media where the 
index of refraction may vary and where its value is n at the point where the radiance is 

i The same is true for tthe basic spectral radiance Ly /n2 _ or L, jut, vin térms of fre- 
quency v or wave number 7. respectively} However, Seicen. desend on. the refractive | 
index of the Medium, so chat: "A(n) = do/n where A\(n) is the wavelength in a medium of . 
refractive index n, and ie is the wavelength of the same ray in a vacuum. To see how 

= dL/d\, ‘let's go back to the ry 


situation depicted in figure 2.9. We now: assume that the incident ray contains only wave-" 


this ‘affects the invariance, of the spectral’radiance” L 


lengths in an elementary spectral interval dd) = ddg/n, ‘80 that its radiance, in terms of 


the incident spectral radiance by is given by 


- 


“i . wee ; “Be 8 


= one eC :, 8G.6) 
‘ : ‘ : ae Oe . 
¢ . ss ‘ ie? 7 


Similarly, the refracted radiance in the second medium, of index np Ve now given, in 


y . a , 


.terms of, he refracted spectral radiance a by 
- an , : A f) 


; | a dL2 = Ly tda2 = Ly Do/ne. ‘ ° : ob 


According to eq. (2.22), these values of radiance are related by 


ie . - . a vu 
aby dlp ne 
Oe eck : (3.8) 


n,? : ny? 


aM : fog ee 
, 


‘See Footnote 2 on p. 49.. 
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in which we can substitute: aa eqs. »G. 6) “ad {3 7) ‘and cancel the common value ee di, 


* 4 t ¢ : 
to obtain . : an a eee 


6 


- ots 


‘ 


eee’ ‘2 z . i _ : Xa oa es = ie _ ‘ Z 
ee. ; ah = & . rae -4 «G9 
= ‘ . ° ee na’. 7 : . i. 


sages 
on. ee , 3 


‘ es - 


et 

x . os 
The invariant ori baSic _spectral-wavdlength radiance, in terms ‘of local wavelength x(a) win 
a medium of varying refractive index n,° is, hus, L, Dea (not Lyla). Seite. workens, ~ 


however, prefer to, deal’ with , this problem hy perce pong, spectral quatitities in erring! 


Vacuum wavegenpyl’ Ao =n (ny and then deine the basic spectra} radiarice in nes form" 


-L, /n2, Also, in:a dispersive wedium, ‘where the refractive index varies significantly ‘with. 


Xo é 
wavelength as n(A) or nA), the value of a that would make the baeic radiance L/n2 


invariant depends on the spectral content-of the radiance L = fu, ‘d\,. which may also vary 
along a ray. If the medium is highly dispersive, the variation of n° with A can also 
significantly affect L, oe although the discrepancy is insignificant in air. at. .room tem= 
peratures. However, ihe basic spectral radiance in terms ot Nos vy, or oa fe ro!” F 


L /n?, or L_/n?, respectively, and is geometrically devariant along each ray in a 
v “OG oa 


o * a 


instances.’ " : . a! 


TOTAL FLUX in a RADIATION BEAM. ° From eq. (3.5), we can write the expression for the ele- 
ment of flux wit ¢,A) along a ray of apectrad radiance Ly (x,y,8,6,A) through ane 
element of surf3fe = dx-dy at its point’ “of intersection = with the ray and within | 
an element of solid angle dw = sin@* “O° ne ‘about the ray in the direction, ° 0 »o and also 


within a spectral-wavelength’ element pabput the wavelength. A..,It is . 
i — = aos oa oe E ae ° 
a -dd(x,y,9,6,4) = Li Geay 86,4) *Sind'>du-dAedd 
- # : . . . ‘ 7 : es 
: = L,+do-da [W], . » + (3.10) 


the sounearpare’s of: eqs. Q. 23) and (2. 28), now also eating | account of spectral-Savelength 
variations and functional dependence. ‘Then, if. we know the distribution "of spectral radi-" 
ance L OX ¥8s ¢,A) over an area. A that includes all points of atirersectton Y between 
rays of a given beam and none referente ‘surface, over a solid angle a at each point ‘HY 
that contains all directions" 6,6 for rays of the’ beam ‘that pass through that point, and | 
over a wavelength interval AX that “includes all wavelengths A for which thete | is a 


., Significant amount of spectral radiance,! the total flux ¢ in the bean at its intersection® 


sere the reference surface is given by . . 4s 


mo = JJ J tyG.ya, a di+cos6-du+dA wi. aA (3.11) 
Aw dr , 


) . : ; ; 4 


a 


4 


Istrictly, the integration should cover all wavelengths A “for which Ly #0. Also, use. 


of the symbol -A\ in nc wav implies that the interval is small; it may be of any size, 
2 “ . », 


“Wi 


« 


“ 


This is the counterpart of eq: Q. 24), ‘to- whitch the! spectral-vavelength dependence has now 

* been added. -For a ‘more .completely explicit expgnsion of this cane aareee ee see the, 
nS 

* footnote below ‘eq. d2. 24) or Appendix 2. ‘ a, 


At’ the beginning. of this Chapters#e called attention to te vide spectra variations 
“that commonly occur: It is quite unusual for the spectral ‘radfance L 0 of a source to ‘ 
. : be a constant over’ a wide band of wavelengths.” ‘Hovever, there are eae situations. where y 

the. rddiance: b. = : Ly (A): ‘di (18 a constant, to a useful degree of approximation (practically 
uniform and tgottaple). thrdughout a beam of radiatioh, Hence, even wheh:'there 1s a signifi- 
cant ‘spectral variation,. tke relationships given in eqs. (2, or through ‘. 33) may ‘be app} i- 

feat a 


oe . cable and are often Juseful’ 7 ene re cae . > sage . o¢ 


ro : eee rosa tye Ly 4 
STRIBUTI N to FLUX. ‘at THER LOCATION, « : We' ve. 
reac yeeha détector response’ can ‘be, ‘highly variable as a function of the spectral 
‘Parameter, Pebpeiength. The same is trub fof iéther interactions with acter jghet produce 
. Attenuation along a _ propagation ‘pach. ‘Accordingly’ eq. (2. ,36) must Show be. rewritten to 
- : eres ‘the spectral-directional propagance ‘for.a ray through the point .%,y inthe direction 


0,o— “and of wavelength X (at that point and in that direction) as we 


“f [TRANSFORMAT ‘ON: from “KNOWN SPECTRAL~RADEANCE, 


. . cat . ane 
x . . ~ 2 on A 
Fs . . ° 


_ i 7 as ‘ ne AY Bed) "1 plXry 8 105 My, oa 20d) . . : : (3.12) a a av 
sae . , . : a. Oy ; . =. , y i 
a a 2, . 


- 


ar Similathy, ¢ eqs. Q. a0 and a. 38) become, respectively, 


: tee : . 
—_ Ly 4069405044) . 1 yp nF 8b y0)/THCesy580,4) [Wem 2ose“} onM1} (3.13) 
2 : oe , eg a8 te ; - _ ro) Rae a 
wo Tand . “se Ege : , 
1¥39,¢,A) = Ly CSIR Ate y8 8g) (wen?) ‘nm=1) (3.14) 
i gud . a a 


“for! the’ "transformation from a known spectral radiance atone locat “ito that at. another 


vt » location along the same ray when both.points, are in the: game medium (same refractive index), 


Likewise; for the integrated total flix a ac beam at the’ desired ocariox, eqs." (2. 39) J 
* and: (2.40) bécone,, Sespertively, ooo os - a Qo oe “, ite go ae Tgheics,, al 


G98, é, ler bey nba wh: chnepde tA!) eT 8) oe 


. Ay os | as 
and ‘ = i 4i} * ® oy Cy t 
ies ° : EM ai. ok a ‘ 
t. . ; 
+ I i: i ak ARV Ord, Aree ye? 4, AYFaa scone: -du+dA Iw). 
os Aw ae en “a. ‘ 

vA _ 4 | eo 4 7 
: . ag he a 

a° We reemphagize that these relations hold ‘only, when ‘the point, of incidence, .where L, aot > 

i ( ) oe » 
exists at the beginning of each ray path, and the point’ of exitence, where L,. a ; Ze oS 
at “the end of the ray path, are, in the game medium (same: refractive index) « Alea, because : ts ¥ 
woe the geometrical invariance of. both the ‘radiance and the ‘associated element ‘of chroughpat” tat 7a 
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along each ray, the reference surface for the coordinates x,y,9,¢,A- may be at eithet 
location, or even at a third location, as long as the same coordinates and the area A, 
the solid angle; ws and the wavelength interval Ad (all containing-only, and all, rays 
of the beam) are all consistently referred to the same reference surface at its inter- 
section with the beam. Thus it is possible to choose the reference surface where these 


quantities are easiest to evaluate. , . 


, * 6. 

In the more general case, where the refractive indices at the points of ineidence and 
exitence are not the same, che <teanstormation must be based ‘on the geometrical inivariance 
of basic spectral radiance, taking dnto account those refractive indices, rather than on 
the trivariance of spectral radiayge'as above. Otherwise, everything proceeds "in the same 

way.. It's all quite straightforward, but the expressions are longer and more complicated 


‘ ay. 


and ‘they are seldom needed. 


REMAINING RADIATION PARAMETERS -- TIME and soinadoaric 


eters, which have now been covered, have traditionally received the most attention since 


The spatial and spectral param- 


_ their effects are. almost always -signifitant. On the other hand, we may often safely ignore 


‘ 


the: remaining paranepers, time or frequency of: fluctuation or scintillayion, and’ polariza- 
tion, especially when an uncertainty ‘of a few per cent or more is adequate. Accordingly, 
we will put off’our discussion of the résain the’ parameters for a while and turn, next, to — 
the measurement ‘equation, , to more about spatial distributions, to thermal nad taniony and to 
‘photometry. . But we stfangly caution the Reader that, in doing-.so,' we definitely are not 


recomménding this as the ultimate or correct’ approach for accurate measurements. It is our, 


: conviction eMac many of the problens and inconsistencies that arise every day aa connec- 


a 


“ 


* 


‘parameters of vacuum. wavelength... [nm] 
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tion with optical radiation nedeuveaante can be traced to these remaining parameters, par- 
ticularly to polarization effects, ‘that are too often ignored.’ We present things in this 
order- ‘because we feel ¢hat it will be easier for the reader to eras the new _concepts when 
they are presented in this way. But we strongly emphasize that, until all of che: param- 
eters are, included, the treatment of -the measurement equation and related topics must be 
regatled as only preliminary and incomplete. It will have a substantial area of usefulness, 


* but ene limitations on its ieefulaees must not be ‘forgotten. j 
’ a 


" SUMMARY of CHAPTER 3. The distribution of optical radiation with respect to position, “+ 


direction; “and wavelength--the Bpectral-peometr teal or spectral-spatial diatetbutigne-18 


Sodcceal! eadawen *! 


. 


; “y L.A") = dL/dd| ,, [Wem72-sr-)-nm7!] : ‘ : (3.2) 
+ ‘OY,smore completely, _ : ‘ Mae le 
: o. | . 1,098.0.) 820CGY.8t4)) (Wemn2-srvienm@1], é 3.5) 
The spectral paraneter of wavelen a Ly ‘may be replaced in ae sabia. equations % 


requency v [THz], or by the other spectral 


and"wave number a [cm], both of which also 


5 : Pos OG: 2 ; 3 


4 = . ; - 8 se ve 


‘ : ‘ ’ d F : ‘ 3 : 
. & iy nt _* oS 
a* 4 $ ‘ ; . 


§ remain constant during Passage through die torent media (differents refractive: indices) .} 
ns ws 
* Like radiance L, «spectral radiance Ly is geometrically invariant along any ray, in 


o the, direction of the’ ray, in ai isotropic, wien lossless Medium,, In media of varying 
refractive index n, a ana basic spectral, radiance depends on the spectral param- 
v 


i eter. For frequency -v, fos wave number G, and: for those-who crangcorm always EO the 
« 


2 vacuum wavelength Ao, it is t, /%2, Ly /n2,° and Ly /™ respectively: However , ‘Sr 
the spectral, parameter of "Jocal" wivwlanct A(n), pers "the refractive imdex is -n, the © 
basic . spéctral-wavelenfith radiance is i /n3 ee oe “ oe : ae 
a“ by, aa a ee fhe 
ry : ‘The element of flux associated with a gay of spectral radi@ace Ly is‘ given -by- 7 
: : o Le , t ’ : ; 7 
: fo: . “a * LA hy | ‘ 
fa ae : : * dd(x,y,8,6,A)° = L, (x59,056,A) Coad eduedA-dd [Ww] j 
te as ie ae s ~ (558 
a b = U80-@ WD + (Bip) » 
Ug a 
The total: flux in a bean, given the distribution of ‘spe éctral radiance at its intersection 3 
. with a conveni&ht reference surface, ds a 5 
# : ny a iY . 4 i : ; 
; ¢ = f j [Ly Gx,y,8,9,a)° “h-cosd-du-dé (WE. - 3 CPs) ee 
- me A-w Ad 7 . = Pay ate 
A 4% 4, ** . : : | ; 


Except ‘for ihe fact. that the additional radjation. parametérs, ‘ejme or frequency of modufar te 
’ tion or fluctuation and polarization, have been ignored, eqs. (3. 10) and (3. i1) are ‘general . 
relations of wide validity. In particular, they are notin any way tlependent on#the ‘index 
. of refraction, . _ + oe i" ae ‘ 


* ” 
U 
’ . 


. 


e For the simple transformations fron. a known spectral 1 radiance ot _spectrdl~radiance dase a 
' °° tribution for the rays of a beam at one location to the G¥stribucion or, the’ integrated 
‘ value of flux in the same beam at another. ‘location, based on the ee invariance of 
spectral radiance, it is netéssary that both Jocations (both intersgeting reference surfaces) ~ 


be dn the same medium (same refractive; index). . The -transformation. "relations are: 


c.f , 
by 1069804) = Ly Guy 8.6, AIR 8 16.4) (Wem-2-sr-lhenm1], (3.13) 
ee ‘ ee , 7 
L, (x,¥,9,0,A)- (x, ry,9,9, A): TH (x,748 o>, »A) [Wem™ 2 sor Venm7]], (3.14) 
P vie i *. « beth hae « F 
aa by p%9¥ 294054) /T# (x,y, 84652) J -dA+cosd+du+dA (wi, G15) —~e 
*and ‘k : ‘, . 
, » , J I 4 {09 05650) +18 (39484651) #dh e080 rad [WT (3.16) 


. When the refractive indices at ‘the twogpecations are not ‘the same, simijar. but somewhat. ‘note 
complicated expressions mf: be used, based on the geometrical invariance of basic spectral - 


radiance, taking into ‘ac@bunt. those refractive: ang tcess 
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a é 4 Ae : . ? 
cs The base unigs of the International System (st) are given in Table Al-1l, which fol- 
ne 
ae lows Table 1 @f [16], except that we have added the squa@re brackets enclosing each unit . 
. a sym: -» That practi was adopted to emphasize the dimensionality of the units and the re 
ey Ket i gasuof that dimensionality” in routine unit-dimensién-consistency checks ‘and anal-*" 
ys * yses to. Nees with the ‘great diversity: of nomenclature in the literature. on optical radia- 2 
i ‘  tdon Ba sirenents. a a . 
. F : se . Table Al-1, : 
fee nae er SI Base Units - 
.  ¢ 2 i: , ‘ 
. ; Quant iiy Name ' : Symbol 
pe 
xp es ~ 
4 ‘ ‘length 2 +. . Meter . - ([m] 
mass P Tine <-4a A kilogram : [kg] 
Pu ~ 7. 
time ., ; + ++ + Segond 4 5 5 [s} 
: electric current .-.\. .. . ampere a ree 9-3 | 
( ~ ah . . : ' : : . ’ 
. thermodynamic temperature . . kelvin ........ 4... [K] 
+ ye bd 2 . . 
* ¢ amount of substance Py see se Mole 1 we. ee ew ee . [mol] ° 
i * r , 
. “om luminous intensity .... .candela........... [ed] 
. a 
, f] ” *. . 
< Of the SI base unite@the one of, particular ‘interest in the branch of optical stings 
Res Measurements known as plotometry is the candela, defined officially as follows: ‘The 
t candela is the luminouf {ntensity, . in the perpendicular direction, of a surface of 
1/600 000 square meter of. «8 blackbody at the temperature of freezing platinum under a 
o pressure. of"101 325 neygons per square meter {13th CGPM (1967). Resolution” *5)." (16]." 
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Appendix 1. Unite and ‘Unit Symbols’ : 


~* a : we = \. ff > 2 - 
ot j é Table Al-2 — 
% - ‘ = 
"wet id * SI Prefixes : 
a Factor. _ Prefix Symbol Factor Prefix Symbol! ' 
“ : ‘ . * l? 
1018 | exa Ng ‘ 10"! = deed d :. 
ss 1015 peta P 7 10-2 centi c ae 
1012" tera T 1073 -milli © m - 6 
109 Beas G 1076 micro ; ow ‘ 
. 106 mega M 107-9 ns nano. a ae 
103 «kilo ke? 10-12 pico a a 
102 hecto ; h 10-15 fento. : £ ore 
é ‘ * 
10! deka da 10-18 +" atto . a Y 
? “e Laan , i. . —_ 
‘The names and symbols ‘listed above are used, in combination with the names and sym- 
bols, respectively, of the SI units, as prefixes to form decimal multiples and sub- 
multiples of those units. (This table is bdsed on Table 7 of [16] to which we have added 
’ the two recently adopted! prefixes "exa" and "peta for 1018 and 1015, respectively.) 
- lgee, for example, NBS Dimensions, Vol. 59, No. 10, October 1975, p. 229. ° : 
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tab te ‘Ad | 
ao a 2. Lo | ' SI Derived Units for Photometry - ‘ - | 
or Quantity Symbol" Ms ek ee ie ’ tat Sabo! 
{ - luminous energy as a. - Aumeti-seconds (candele-ateradian-second) - [ies]; (fede ‘sr ‘) 
_“. oe | Tunen-sécond; (talbot) © sy Ee] 
‘ luminous (diretted- / . nH |. ° Wkesecond . _ [Axes] a 
surface) exposure Ps ne - (eandelavateradien-sckhi-per« square, cabay ; ( [cdesres on”): 
a . -~ Lumen~second per oquate meter. ee a. [Im+een™?) \2 
luninous lees . a. 7 = Jux-second - a vs ‘@: he e [hers] 
tional) fluence ae :° (candela-steradian-secopd crane “(cd sr’ weet): 
7 Se  Den=seeond per square: ade , Lmremm2) a 
luminous flue tm, ae 7 " -Lumied} (cindela-steradtan) , 2 ‘a = + fn);: (Led a) | 
Sg al ; _ lumen co ae * fla)" oS 
‘ "luminous intensity "9 Ds " eanidela ” an? , ve ‘ a i : w fed he OM ’ 
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- | Some Additional non-SI Photometric Units se 
Ynit Symbol’ * . -., SI Equivalent - Quantity 
apostilb : [asb] ' ri ae I fedeme? ] e «luminance 
candela-second [cd-s]} i Ifed-s] “a -* : ergolumic 
: Hp? Sen _ . : intensity* 
footcandle [fc] . =" oe = 10. 764{ Tae" 2) illuminance . 
footlambert [fi] -= w"lfeds ft-2] = 3.426[cd-m-2] luminance 
lambert [L) = Ww fedecm™2] = 104m“) [ed-m=2] luminance 
| Light-watex# few) =, [Ko)]- fam) % 6807) [1m] luminous flux - 
‘phot : (ph) = 1[1m-cm™?] = 10" [{1m+m~2 J illuminance 
stilb [sb] = 1fed+em@2)] = 10" [cdem-2] 
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*The CIE [5] seems not to have any term for this a a nor does there seem to be any - 
“4m general us@ other than the term for the units, although "beam-candlepower-second" is 
This term for the quantity -is taken from Jones" “"phluometry™ pro- 
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VA) (aistneiontens) 

‘A. (nm). is the wavelength, eae eas ‘ 


0,0) 


is the Photopsc sper erat luminous getteeny 5, 18], 


nm] is a distribution of. eaceal radiant flu as a function of: 
_ wavelength, and‘. ‘ tM, ‘ _ 
is the luminous flux in light-watts of the radiation described by 
the spectral ‘distribution %, ade: : 
. ° 
ig luminous flux, in lomens, in this’ same beam’ “of radiation is. given by. 


 : el * 680-9, ‘Gal, me, 
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.K %. ie ae at 2% 555 [nm] is the maximum, spectral luminous ; oe of 
e Bo Si cl \ me le articeer (of radiation) (5, 18}. 

Hote that - ‘both the lumen and the light-watt are uriits® of: lemtngus ‘fide. They have. the — 
same dimensionality and differ only by the anutiericak’ scale: ‘factor. TK, | % 680. | There ra 


ate approximately , 680 Timens. per Light“watt at. ar yavelengths in the visible region . 
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, * number 4 certaloly a measure of the "amount of radiation” in the: beam and-{t 4 not juat a number,:but is a number 
-, OF a distinctive physical quantity, just as the number of joules.is a physical quantity, Accordingly, it is useful 
_ to assign the quantum per second [q¢s~!] ag the unit ‘of photon flux. Then dil of’ the other geometrical quantities 
. and their interrelationships and units parallel exactly those for radiant flux, luminous flux, or any other flux - 
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SPHERICAL COORDIN TES solid dine eéordinates), In alot all optical radiation measure- 
-, Ment. situations, ‘we are concerned with the flux througir a reference surface that intersects 
a; ‘beam of: radiation. - We need: ‘coordinates for specifying, at each point of that reference 
“surfaces. the ‘girection of every intersecting ray incident from (or exitent into) the “entire 
hemisphere above the plane tangent to. the reference-surface at, that point. _That is the 


| plane containing the element of surfack i dA ae the given point. The most useful coordinate. / 

system for this Pur pose is i1l@strated! in ‘figure A2-1. stig given paint 0 is ‘taken as ‘the 

origin. The. normal to dA at 0 is chosen as the polar axis for spherical coordinates. -' 

Or the Z-axis for rectangular coordinates. . The tangént plane, containing the element dA, 

“Hs: then-the’ X-Y plane. A’straight line extending from O in some convenient direction 

“in: that plane is selected as the azimuth reference or X-axis'.. The sphericdl soordinatetZe | 

' . any pofnt “Pp ioe apat ede a8 shown in the figure, are then 0,9,¢, where p is- the length ‘ 
(nf, the line ES ‘ts ‘the polar angle between the line OP ‘and the. polar axis, and .¢ . 
‘Me: ‘the: azimuth . in the tangent plane between oPp', the projection of OP on that 7 
‘plane, - and %he azimuth reférence (the X-axis). ‘The corfesponding rectangular coordinates _ o] 
of P: are. YZ, where * o:  ) . 


- x = p+sin®-cos¢, oo ; - e _ eer _ 
“oe oH Br cy 7 p+sin@+sing, and oe : “ (A2~1) ghey . 
: 480 that é gs ° a et he & : . i : te 7 ng : _ ; 
= a : : oP a Gays 22%, vy foe ; 7 = . i an ae 
*y tan™!} (x? + eels a and” oe 
= tan? (y/x). . 


. ™ -p*cosd, . ; ix a oo A, 
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_ Usually, we are concerned’ i gaily with the direction of a — rather © this the atordidhtes of 

a‘ particular point on the’ raf. “The ‘direction of the ray” through, 0}: and: PS “ta: ‘specified: . 
- by juet the two angles : 8,4. "Also, when - ‘thay are oftea confined to tie ‘hemisphere: above, ° re 
w the; page ‘plane,. o's 8 <./2 — and Oo< <6 < 2a [rad]. aa 
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A sou ‘ANGLE. _ one of the best. ways ‘to! ‘grasp. ‘the Soncepe of a solid ‘angle is ty sathoay 
[.. 


with the Soprenpondise features sof | ‘thie: ‘tore familiar plane angle. Accordingly, we'll]: start, a ~ 
with | a brief’ Look: at plane angles. 8 ; an : 


- eo : , . ss ie - 
A plane angle, formed by two sttaight lines that. meet at a eed. “the wertex, 1 : 
defined as the: locus. of ali directions that. may J be. eccupied by either’ line as it la gotgted 

- ingo dérect ional coincidence with ‘the otiier line. - For example," , 


aad, OB form ‘the atte = aoe the vertex’ Ou: That is tHe a : 


about sthe ‘vertex to tr ng it: 
oP aa figure Ag-2; -the “tink: aim 
ad “ s angle fi1l@ by” #il of the 
oy i. ae -ts rotated. about Oot it Ante ihe with the. divection® o£ the otter Soe, 
: “Note: that” ‘the acute angle bs * shown, is cqveréd by. the most direét sense’ for such". 
rotation, ° However, thbse Hanes : define. an es obtuse. abl of (360 = - © taes] 
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“The same plane angle )..1s gubtended.at O by: *, . Z 


= ‘ : 2 : oe Pigse Para a a 
a } ' Fg . ; . “ . “§ 
* 1. the circular arc CD, - ee . 
“./" 2. > the straight line EF, es ey fot 
— % es ‘tat ee at wee “4 
"3, ‘the curve EF , i ye 8 eg ON ee, 
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or (2n - 6) [rad] if the rotafion is in the opposite sense [the units.are defined in the 


next, paragraph]. ; . = . 


The length of each line is famaterial, just so it's long enough to be. a straight- ‘line 
segment. In fact, an angle is- alfo, formed when two curved thines meet if ic’ 's possible to > = 
draw the tangent to each curve at. ‘the point of intersection, Fie vertex. “ The anglgybetween = 
the curves is then the angle between the tangents. Hence, it is also the angle. between the 
infinitesimal elements of: the curved ‘lines wat that point. In figure A2-2, the lower 
straight | line OB intersects a transverse “eeraighe line at F, a circular arc ate D, an 
on trregular curve at F', and the extéeme point of a age figure at Fe The appar straight 
ah Jine OA is too short to meet any of these same lines or the plane figure, but. its exten- 


4 
rd 


dion, intersects the Lines. at E, C, and E'; respectively, and is tangent to the plane 


wets 3 
“ft pate ouher” éxtremity at E". Then we can Say that the angie 8 intercepts the. 


“ 


and just’ encloses Satains the plane figure ENS" 


énd the me angle. 8 at .0,. 
cD has its center at 0, so its length is a measure ‘of 


Ja, the ‘size of the angle is given bysphe ratio of the length 


5 0D: . e . oO” x 
a” = cp/0C {rad}. * (A2-3) : 
rs ea a 
F o “yt Fe : : z. » oo: , 
“the: segel@it of ‘the same angle in (circular) degrees [deg] is given by rg 
e . . 
- . 8 = (180/1)+(CD/QC) [deg]. : (A2-4) 


A solid angle is similarly formed ‘at a point, also called the vertex, bya conical sur- — 
. face or cone. The wane in turn, is the. SUvesce that contains all pesaibie straight lines:. 
(i.e. ; is the locus of thoge lines) that “extend from the vertex point to a point on some 
closed, ‘simply- conngttedfeunie, in space’ tat does not pass through the vertex. ‘Such a 
"curve, using thes Xgiya.. Ae 8 broadest ‘sense, may, include straight-line segments and dis- 
continuous changes of “direction or angles. : Te is only required that, starting from any 
Point on the ' ‘curve" and traveling along it fak enough in either direction, you return. to 
the starting point after Passing ohce, and only ote, through: every other point on the’ : 
“curye. ' ffa particular,’ wheb. the-"Cirve" is made up entirely of stradght-line ségments that 
form a polygon, the "cone" is a @yramid, On the other hand, when a pencil of Yays converges 
on the axis of a “cylindrical opti{cal System, with circular optical components, the solid 
-cangle formed at the focus is bounded by a right circular: cone and a solid angle is Very 
often,go depicted. In fact, speaking loosely, we often say that the solid angle is a right 
circular ‘gone. However there is really no such limitation on the concept of a solid. angle: a 
which, as we ‘Have’ just seen, can Be formed at the vertex of a " pyramid, dr of the cohical 


- 


surface formed by the straight lines joining “rhe Vertex to a closed curve ot almost ‘any . 


shape (see Figure A2s3). . : _ z : 8 
7 me, * : a : ; . : ; . : 
 Likesa slate angle, .a solid angle can be defined aga locus of directions; it is the - & 
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‘locus of all directions lying within the defining cone. Also, just as with a plane angle, 


. : « 


“there care always two possibilities: : the acute interior solid angle and the obtuse exterior 
solid angle. However, unless the Sonteary: 46 Stated, it is usualy assumed to be’ the acute» * 


intertor solid angle.’ ge ° ; 
Any” plane heouch the we of a ‘solid angle hat intersects the cone~enclosing the 
solid. angle will do so along two Straight lines that meet at the vertex to form a plane 
angle. * ‘Thus, we can consider figure ‘A2-2 as depicting such an intersection with a solid 
angle having its vertex at 0 and with the points A and B lying on the cldsed curve in 
Space, that defines the bounding cone and, aceordingly, does’ not pass through 0. Then the : 
straight— line Segment EF represents a plane area, the arc -¢D & spherical-surface, area; 
the line segment E'F' an irrégular surface area, and ‘the piane figure ENF" +a section : 


through an irregular solid object: all of which subtend aoe same solid angle - Ww at: 0. : : 


The measure‘of a solid angle is sometimes confused with the solid angle insets. The 
solid’ angle is that which exists at the vertex, regardless of the extent of the ‘bounding 
conical surface, just as-a plane angle can be\formed ata vertex by very short streight—line 
segments, or even infinitesimal line elements. The measure of the solid angle, on the other 
hand, ‘is provided by the area: intercept d by the bounding cone, or its extengion, ‘payond” the, 
defining curve if necessary, on the surface, of 3 sphere centered at the vertex, just as.- the” 
' plane angle is measured by the intercepted arc of a circle gentered “at ite vertex; The |; 
magnitude of a solid angle w , in steradians {[sr] is yiusc: the ratio of this ingot, s 


spherical-surface area A... ‘to the square of the padaus op of the sphere: .- °° He ye 


n . 
: 2 : So: 
w = A/e? teri: © ut Ri, Sg : (A2-5)" 


ay 


7 al i . _ = 
A SOLID ANGLE ih SPHERICAL COUKDIN TES. © To expres’ a’ Solid angle w in spherical coordi- | 


nates, we will start, first, with just an element of solid angle du. In figure A2-4, we: ’ 


show the: angle 6 increased by an “inf inites! 1 element d® and the angle. ¢ similarly 
-Miereaned by, dg. the point RB, always’ at. the same distance p from the origin 0, moves 
“over ‘the Surface oe a spheré of radius “De _The element af. angle dé inteceuies an afc gf 
“length p:d8 on the Pheaet sat face. The element do, however, represents rotation 
about the polar or Z-axis, “fence, the point -P does not move on a great circle. ‘Instead, 
it follows an element of are of radius p*siné (the projéction of OP, of length p,: onto 
the X-Y plane, or orfto a plane parallel.to the xX-Y plane through P), The length of that . 
_ circular aré on the spherical surface is p+sinds dg, and it subtends«an element of angle 
sind+d¢ [wad] at the origin'| 0. Two padre of these elements Of arc enclose the element of 


> 


spherical—surface area ° da. "= p2+sinO-dO-d9, | as shown in the figure. The element of sol‘id 


» angie da, subtended ‘at ‘the. origin 0 by that. atea’ etemene “dA. is, by eq. (A2-5) 5 he -_ 
SS ap Se ee ee 
o 0 Stee te dus’ dA 3/°* = sind -d0+do [sr]. (A2+6) 


Tt 1s ‘also ‘clear, since each of the. angle Alensnes: dé “and sinO*d¢ is in units of 


radians .(rad]:, that their product is in units of square radians [yad?], just as the 
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corresponding ‘are lengths aoa and “ p=sine- “do, each in meters {m), have a prpduct 


4. 
dA, = p?-sing: +d6-d¢ that is an area in square mecees [m2]. ; Phas, ,4 Steradian [sr] is 


a square radian {rad2]. : ‘. ; 

" Although. e relationship hee cen raddans and degrées, se plane-angle units, - is famil- 

lar enough on Poa most people feel they - understand, ity. there 4 ‘confusion about their . 

‘dimensions, _im ‘the case of a solid angle, ‘similar confusion ex sts concerning” Hatcusiogy 

and, furthernoré, concerning. ‘the. relationship. between, steradialls ed square ‘degrees. Mopn ae 

“* and Spencer {19} have made a helpful suggestion, that e. recognize the orthogonality of: 
direction. between radtal- lengths and ‘transverse lengths by designating their dimensions‘ys 

7 [L] and {L a respectively. Then a plane. angle has the. dimensions [L. Le 1) Segue : 
than being a dladastotive: ratio as in the usual Lo distinceigh tai) not seem s 


too inporgant when the same length units re used for 


th th&are and the:radius to eval- 
uate the size of. an angle in vadians as. the quot: of these. two ,Auantities, However, if eo 
we measure the are in smaller units, equal. to 7/180 od 1.745 329° x- fo- 20 times the length 
unit for the radiuw, the quotient will be’ he size. of the bana angle in degrees. ' carrying 
this! one step.” further, _we can now relate cet uit. of solid aie, the. Steradian’ or square®, , 
rad lan, to ‘the square denvce quite simply through this same relationship, sincé we have 


est lished the : a steradiat and a square ‘radian. a ad “ oN 


. ., ‘ E) 
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. 1fdeg]) = (1/180) (rad) *y 1.745 329 x iB- 2 rity] : a 
: oe te? ar. Sn Sa 
oc " Lf[deg?] ~ = (6/180}8 20421, = ("/180) sr] a, 
a /% 3.046174 x 10-teet . oe apie) 
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- ‘Incidentally, the use fulness and wglidity®%e the treatment based on the suggestion by © 

. Moon and Spagcer is well prought out by ve way ‘in vffich iestlarifies the confusion about . : 
“the dimensions of oan or energy’ and of torque. or ‘moment, something that ‘bothers almost 
every physics student when first Mhtroduced to "dimengional analysis. In the notation’ used 

a "above, a a or energy ha the dimensions ‘of force times colinear length--either [FL] OF a 


AF, “L e) _crwhile wprque or moment hag-the dimensions of force. ‘times orthogonal ength-- “ ‘- 


Jf 
deualiy” {#. *L re But Pork or energy is generated: when a torque or moment ac{s through a 
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Plane angle. , Dimensiohally, that situation is described by: [f. ‘i a [L. *L J = [FeeLd, 

which is sratSfy{nglyiselt-cgpetatgne. a . . 5 
a si much for the digression into units and dimensions. We. obtained the _ &xpression: for 

the pidhent {ef solid angleyin spher icaf™coordinates in eq, (A2~6). The” integral of that - 


quantity over “the. appropriate limits then Provides us with a general expression for any 


sotid angle. in apherical coordinates:, 7 oe. . . ee 


e iw = flanviea sr]. eee 7 | (A2-9) 


Ey 
For example, it is often useful to have the “expression for. the solid angle at thé v vertex of 


a right circular cone of half-vertex angle Sy. we choose ‘the polar asi ‘along as 
¢€. a «” & “ . . 
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so chat , <7 oe FF ; Ss 7 ae vee 43 
: . ° : ¥ . ' om bia _ at : 
ss “ : : , “= , nv. 4 27. 
as See y hemisphére an [sr] ee ae 648 « 10) idee ee : 
iar : ¢ . : : 's - e 
- and ot 4 : <" 
; os, 


: : i s, ta . 4 5 at 
sober. 4a [SP] % 4.125. 296 x 10 rate 


ingily, * we want a general’ expression far the, ele : . feolte: ‘angle’ ie st 


“tended * ata surface ‘eleniént dAy by an arbitrarily” oriet 


face element 
‘a disgance of D [m}. ‘Thts situation ig illustrated in ae 
with its: normal Making. an angle 85 with ‘the line joining” Gperrg : 
évident in the figuré ‘that’ the solid-angle elenent dw} 2 t 
cepts an area ekement dag* cos82 on the surface of .a spheré 


Then, from eq. (A2- -5), weecan write saa ; 
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Up to this Point, we have. considered only the. simplest ‘for 


. “ 
» 4cone enclosing the angle’ is determines by a simply-Gonnected curve 


such simple solid ; gles can be combined in. ‘war fous’ ways to. prddute. “ 
“angles. For caienle: as illustrated in, figuré'ga?-7 ’ “the solid ~ angi: $4fled. “by copvergths| \ he 
‘ays at the focus of a Cagsegrain-type ee em. nis "ho Low" rte 


are none machen the smaller inner cone, 
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entire -beam, eq. (2. 25) 3 partic + 


stant. L throughout the beam, rs iignetelag. 50 that’ the integrals x meres as dn s 
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ciate ‘the obliqu: ty fackgen k: 8, “Angtead ‘with 
element of ‘solid angle dw as, -cos@> du = cosé* ‘sine: dO-do.:, ; We have. ‘coflpelss. 
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the projected solid angle associated with. the solid angle wis as ;it is a 1s wie . siete: 


’ ‘(and is sometimes so~ called), with, the obliquity factor. cogs as the weighting YF sancti oy * 
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a steradians, . fubtended by that object at dA at the center of the hemisphere. 


- ie wmfsr}, yo 7S _ ; se 


_ with its axis normal to da. 
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ae { af r o oa d a re 
Thé name is ‘suggested by’ tnt analogy with an element obbicjecees area | cosa dA. “Howéver, . 


while the Projection” of an area onto another surface can be constructed so that there exists” 
an area that ‘7B the’ projected area, don' t try’ to picture ‘or ‘visualize’ ‘anything similar ‘for 
the projected golid angle. gt doesn't exist in that Sense, although there: aré at least two' 


: geometrical eOnBE CEL eAy for the measure of a’ prcdeeesa solid angle thar can ‘be yery: “help c/. 
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eibert; ‘[22} who Published in the same Year as Nusselt {20}. 

lier. publication by Wiener [24]. THis ,, incidentally, is'a goad Allustra- . 
tion of “how badly’ “scattered and disjointed ' things cin be in the’ liferature’ ort optical ,radi-,, 
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‘construction is presented in figures “A2-8 and “A2-9.°.- Th fig- 


,, the! firer of these ge ‘been. called Nusselt’ s cotstrustton [20 by Jakob (21. m1), ‘wha also’. : *; 
However, eae [23h ee 


cites a x 


ation measurements. - Wiener’ s* 
ure A2- 8; ,a hemisphere of unifjradius above a surface’element dA is shown both in verti- — 
cal -elevatiion and in horizontal plan view. ‘An element of spherical-surface area ‘on this. 
hemisphere te labelled dw because its area is equal to the element of. solid angle _ du" [er]: 
“that it: subtends at dA’ at the center of the hemisphere. ‘The rectilinear projection of _ 
‘that spherical-surface area elbmerte onto ‘the circular base of the henisphere in the tangent 


plane containing dé is, in” turn, labelled dQ = cos0+dw [sr], its area, being equal to. 


. the projected solid angle in steradians. The sides of that aia 2 a of ‘projected area on * os 
the’ base are also shown to’ be “cost ed@ [rad] radially and sind-d¢ ivedi. in the ‘orthogonal 
airection:. : ; we “e 2 


: Foe ‘ ‘ 

‘Figure A2-9 shows, sini lari x, how the conical projection ‘ofan irregular object ‘Onto L. 
the. surface of. the unit-radiius hemisphere ts equal in total area to the solid angle Ww, in 
‘Also, since |: . 
the relationship shown in figure A2~8 holds for every elenent dw of the, erftire spherical-_ 
‘surface* ‘area as the rectilinear projeccion of that. entirpta rea onto the base of the hemi- 
sphere is equal in area to the total projected solid angle hy = =f cosé= dw in gteradians, : 
subtended at da’. by this same object. In fact, the relationship holds for the complete _ 
hemisphere of: 2n [sr] ‘solid angle (the area of the unit-radius hemispherical surface). 


ster radians ds equ¥l to the area of thp ptojec-_ 
‘tion, of the hemisphere onto ‘the Plane of .dA-- Y the: full i uptenpadiue circular park _ wnten 


/ The corresponding projected solid anglé: in 
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» We can’ “verify that last result.” analytically. riree,: we need thé general anprane A¥for 


Vi 
the projected solid angle at the vertex of a right circular cone of half-vertex angle Ry 


Again, as ig’ figure Ape “5, we chaose the polar axis along “the * 
axig, of the cone and the origin: at the ‘veBtex to write ter the projected ‘solid aigie: 
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3 _ Wiener!s construction a Valuable insight into the’ relationships between solid ae 
angles and the corresponding projected . ‘solid angles and facilitates andlytical’ computations. 

an : It has, also been the basis for analog compyters to evaluate projected solid angles or the 

: related configuration ‘factors | (angle factors, ‘view: factora, etc.) in. {1lumination and heat-° 


transfer. engineering f25]. (The relationsh{ps detween® projected, solid angles, throughputs, * 
‘and pial Gl factors, etc., are discussed © in Appendix 31). A second construction, - 


while not as useful for computations, May ‘seem somewhat, more satisfying and mathematically - 


elegant, ‘sfnce it Anvolves | an area intercepted by the’ 


“than ‘a second projection, as in Weiner’ Bggonstruction. 
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The Ginde-diameter tangent sphere construction ‘is 
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gone of the solid. angle itself rather : 


illustrate d “$n ‘Aguit'y2- 10., A ene 
jd&*" at: the origin O: “Its: ca 
accordingly, lies | on the normal ‘to dA. . (the ‘olge ‘ais)” ‘midway ‘between dA and a 
the point where the unit- ~diameter ‘sphere ‘is also tangent to the uliit-radius Rentephere about 

0. as: “at ““P, inter-:" - 7 
on in ae of the unit-radias” = 2 ; “ 

pl! - 

r= 1/2), @an_ area “that oe ie 
is numerically equal to tite ‘subtended projected * solid angle. “This elatsonship holds true - , 


‘diameter sphere ‘se constructed tangent. to the: surface 
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center Cc, 


The elementary cone, subtended at. ,o ‘by a remote surface. element, o 


cepts an element of area ‘du (p? ‘dw, “vhere ° o eal 


_ hémisphere at P » as before. It also. tritercep te area da = dur cos6 = da at 
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the “surface of the unit-giameter sphére # [da‘ = urzite Qs "dw, siete: 


, Lore every element of sdlid angle Ih ‘the gitite hemisphere above . dA, 


, 50 it is also’ true : 


for the . integrated ‘wotal: ‘projected Solid angle subténded at: 


dA by a: ‘more extended body ‘OF: 


, ‘surface. 
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Again, ° we’ can verity its vaPidity for” the projected. solid _angle of the’ entire. 
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This’ would be numerically equal, in steradians, to the, Sfoeal ‘surface area of 
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to have been first worked © out by: Sumpner [26] and have ‘been summarized, more ‘Fecently_ and: 
accessibly, by Nicotiemus [27]. Fhis construction is used Or. referred to in a number . offs 


rege 2 and papers on: illumination and beat-transfer “engineer ing ag something that is rathet’ 


widely known. and we have not- succeeded “in finding any citations ‘Or references | thatshelp to”, 
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Measures of an, element of solid. angle dw and an element of projecte 
solid angle dQ’ (unit—diameter, tangent sphere construction). 
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an optical systén or, more “exattly,: the solid” angle or projected solid. angle subtended at - 
the focus by, ‘ute converging’ pencil af Fays. That,pencil is contained within Re cone? ub-. 
tended by the edges of the exit pupil, -usually a right circular cone. For’ such a cone bf 


, 


the eve pear are: , 


half-vertex angle, Bs . a : oo 
1. the numerical aperture: 'N. i = nesing, [dimensionless], ; os (Ade16) 
where n is the refractive index of ie medium, and oe aaa ~ * 
vy, the relative -apertyfe or £-number: 8 3 ‘te 
‘* es pis ae ; ; a = 
7 — ste, ay s reine): es < (A2-13) 


The popular dectnt dewet f-number- ‘as the Tet fective) focal length of a lens divided 
diametér would lead: to the approximation f/# % (2+tand h ab “However, in well-corrected 
optical syst g (that satisfy Abbe! 8 sine condition 4, 281), the height h of an idcident 
agdal ray ees the axis is given by h = bes: where f is chat effective. focal length .. 
and 6 the angle the ray makes with the axis at the fotuni Then ‘€ 
f/# = £/2h = ‘(2+sin@ . for the maximum value of “Wand the cor} 


two" measures are oat a to the Projected seiia angle as folgowd es 


‘the’ éxtreme nay, 
énding 6 = On These 


JZ = ae = mn [ACE/#)2]71, = nea 2H? [sr]. (82-18) 
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yf common approximation tota solid angle w ‘ora projected solid angle Q; with ref- 
erence to the angular field of an optical system, is the area of the field stop oF exit «. 
window in the focal plane divided by the square of the focal distance,. which reduces to 


n x mtan?6, {sr} in terms of the haif-fiefd angle © a, [rad]. Another apptontant ipa is fe 


express the aia angle, or projected solid angle, as "8, 2° [er]. When’ 8 is Biven in 


degrees, rather than radians, this last approximation also " terds a yalue in square: ceeresas 


oe 


Table A2-1 lists "he values of each of the foregoing measures’ or approximations slong 
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with the correspording values of P ected solid angle Q for’ ‘the same values of halé~, , 


vertex angle ah over the” range * “02°68 oh < 0/2 [rad] or O< < 90 [deg]. The percentage 
of each approximation with deapect to: the: progected solid oe 2" 18 also giv®. © .° *. 
: 4 a . 


The range of vaisateng a pareiculan, approximation can be® estimated from the table; or 


it can be evaluated directly. For “example, to establish the range for ‘Using te approxima- . mor, 
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ards Register. Register serves as t 


ing Standards Publications 
this series collectively 
Processing Stand- 
officjal source of 


and Administrative Services Act of 1949 as mataded. 
:Public Law 89-306 (79-Stat. 1127), and as deaplementod 
“by Executive Order 11717 (38 FR 12315, dated May-N. 


1973) and Part 6 of Title 15 CFR (Code of Federals. S 


Regulations). 


Consumer Information Serica Practical information, 
based on NBS. research &nd experience, covering areas 
’ of ‘interest..to “the, ¢onsumer. Easily understandable 


language and illustrations provide useful background © 
i aia 


‘ knowledge’ for shopping 


marketplace. 


in today’s~ 


NBS Interagency Reports (NBSIR)—A coebial 6 series of 
interim or- final, reports on'work performed. by NBS for 
outside sponsors ‘(both government and non-govern- 
ment). In genéral,- initial distribution is Handled by the 
sponsor; public distribution is by the National Technical 


. Information Service (Springfield, Va. 22161), in waves 


copy or Iyjgrofiche form. 
Order NBS publications ean NBSIR's and Biblio- 


. graphjc Subscription Services) from: Superintendent of 


Documents, Government Printing ‘Office, Washington, 


> D.C. 20402. . 


we 


survey issued quarterly. Annual subscription : $20.00.- 


Send subscription orders and remittances for the 
preceding bibliographic services to National Bu- 
reau of Standards, Cryogenic Data Center (275.02) 
Boulder, Colorade 80302. 

Electromagnetic Metrology Current Awareness Service 
Issued monthly. Annual subscription: $24.00. Send 
subscription order and remittance to Electromagnetic 
Division, .National Bureau of . “aBtandatds, Boulder, ' 
. Colo. coe: 7 


» 


\. 


. Technical Notes—Studies or reports which are complete — 


vw: 


§ 


5 


+ 


